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Abstract—A joint network coding and superposition coding
(JNSC) scheme is proposed for information exchange between
more than two users in a wireless relaying network. In this paper
we consider two scenarios in a relaying network with four nodes:
single and multiple information exchange loops between three
source nodes, and two alternative transmission schemes, i.e. pure
time division (PTD) and pure network coding (PNC), are also
considered in order to compare with JNSC. The achievable rate
regions of the PTD, PNC and JNSC schemes are all characterized,
indicating the JNSC scheme is not always superior to the other
two schemes. The sum rate optimization problem with a certain
traffic pattern is also solved. We showed that the maximum
coding gains of the JNSC and PNC schemes compared with the
PTD scheme is achieved as the transmission rate of each node
is one third of the sum rate in the network. Simulation results
also reveal this phenomenon.

I. INTRODUCTION

The network coding idea originally proposed by Ahlswede

et al. [1] is to increase the capacity in a wireline network with

noise-free links. Recently this idea has been exploited in the

context of wireless networks (see [2]–[6]) and a significant

transmission gain can be acquired by means of the broadcast

nature of wireless communication. For instance, in a two-way

relaying network information exchange (IE) happens between

two source nodes and packet exchange can be completed in

four time slots if no network coding scheme is used, while

network coding schemes only need three time slots to complete

the exchange. There is another simple Amplify-and-Forward

coding scheme proposed in [6] [7] that further reduces packet

exchange time to two slots.

Since network coding has a great success in two-way

relaying, it naturally inspires us to think about if it is possible

to apply it for information exchange between more than two

users. So we are interested in the following question: if

there are many users (nodes) that would like to exchange

information at the same time, is there any efficient method

to exchange all packets in fewer time slots? The traditional

pure time-division (PTD) scheme is able to exchange packets

between many users. However, it has no efficiency in time.

Although the two-way XOR scheme, or called pure network

coding (PNC) scheme, can save some transmission time,

its exchange efficiency compared to the PTD scheme will

become trivial when many users are waiting for exchanging

their packets. Therefore, in this paper we introduce a new

coding scheme, called joint network coding and superposition

coding (JNSC) scheme, which is able to efficiently exchange

information between more than two users. The basic idea of

the JNSC scheme is easily comprehended by an example of a

four-node network. For example, as shown in Fig. 1(a), there

are three nodes in the network that would like to exchange

their packets at the same time, and their packet exchange flows

form a counterclockwise loop, which is called an IE loop. In

the first three time slots, each node transmits its packet to

the relay node and then the relay makes two XOR-ed packets

and superimposes them together for broadcast. Since the relay

needs to make two XOR-ed packets, the packet from the node

with the worse channel gain should be XOR-ed respectively

with the other two packets. This is to ensure the node with the

worse channel gain can successfully decode the received XOR-

ed packet by its side information. So the JNSC scheme needs

four time slots to complete all packet exchanges, whereas

the PTD and PNC schemes require six and five time slots,

respectively.

Although the JNSC scheme can further improve the ex-

change time usage, it is not clear whether the sum rate

achieved by JNSC is always greater than those achieved by

PTD and PNC. For the two-way relaying case, that network

coding does not always have higher throughput compared

with the PTD scheme has been proved in [8]. Similarly, here

we need to clarify when the JNSC scheme can achieve its

maximum sum rate and how much of its throughput gains can

be acquired against the PTD and PNC schemes, respectively.

Accordingly, the achievable rate regions for the two scenarios

in Fig. 1 are needed to be characterized in this paper. From

the achievable rate regions, we are able to learn that the JNSC

scheme is superior to the other two schemes if the traffic

pattern in the network is not very asymmetric. The sum of

rates is a good metric to evaluate transmission performance.

Whereas the sum rate problem of network coding in two-way

relaying have been considered in some literatures [3], [7]–

[9]. Thus for the objective of throughput comparison the sum-



rate optimization problems are solved under the three different

schemes. The optimal results show that the maximum coding

(throughput) gains of the JNSC and PNC schemes compared

with the PTD scheme are attained if the transmission rate of

each node is one third of the sum rate in the network.

Our contributions in this paper are threefold: (i) We pro-

pose the JNSC scheme that is able to exchange information

between more than two users simultaneously (ii) We found

the achievable rate regions for PTD, PNC and JNSC schemes,

indicating that the JNSC does not always achieve a larger

region and a combination between them is needed to achieve

a greater region; (iii) We solved the sum-rate optimization

problem for all schemes and proved that the maximum coding

gains of the JNSC and PNC schemes are attained when the

transmission rate of a source node is one third of the sum rate

in the network. The rest of the paper is organized as follows.

Section II provides the system description and assumptions

for the multi-user information exchange in a wireless relaying

network. Section III characterizes the rate regions achieved

by the PTD, PNC and JNSC schemes. Section IV solves the

sum-rate optimization problem for the PTD, PNC and JNSC

schemes. Section V presents the simulation results. Finally,

Section VI concludes our findings.

II. MULTI-USER INFORMATION EXCHANGE OVER A RELAY

For the problem of information exchange between more

than two nodes there is still not too much work on exploiting

efficient transmission and coding methods to complete the

exchange job. In this section, we introduce the JNSC scheme,

which combines network coding and superposition coding and

is able to efficiently make the multi-node packet exchanges be

completed in fewer time slots. Here we consider the situation

that there are many nodes in the network that intend to

exchange their information at the same time. In particular, we

will investigate two transmission scenarios with four nodes in

the network, and these four-node relaying results can be easily

extended to other information relaying cases with more than

four nodes. Before we proceed to interpret the JNSC scheme,

we need to define an information exchange loop as follows

Definition 2.1: An information exchange (IE) loop is a

closed loop formed by the flow directions of information

exchange in the relaying network.

That is, if we start from any node in the loop, follow the

information flow direction of each node and eventually we can

go back to the original start node, then this loop is an IE loop.

For example, there is a single IE loop in Fig. 1(a) and there

are two IE loops in Fig. 1(b).

The JNSC scheme can be applied in single or multiple IE

loops, as shown in Fig. 1(a) and (b). In Fig. 1(a), each node

in the network would like to transmit its packet to one of its

neighboring nodes and that forms a single counterclockwise

IE loop. The other case shown in Fig 1(b) is that node A

wants to broadcast its packet to all of other nodes in the

network and all other nodes need to transmit their packets

to node A as well. This situation, for example, can happen

in a cellular network in which the base station (node A)

frequently broadcasts necessary information to all the users

in the network and users also need to communicate with the

base station simultaneously. Here we assume that there is no

direct link between any two source nodes; in other words,

communications between source nodes are only over the relay

node. Moreover, all nodes are half-duplex; namely, they cannot

transmit and receive information at the same time.

In Fig. 1(a), node A would like to send its packet Wab to

node B, node B would like to transmit its packet Wbc to node

C and node C wishes node A receives its packet Wca. So in the

first three time slots node A, B and C transmit their packets to

the central relay node R, respectively. Then relay node R can

make three MAC-XOR-ed1 new packets {Wi ⊕ Wj : i, j ∈
{ab, bc, ca}, i 6= j}, and then chooses two of them to broadcast

to all of the nodes in the network. Choosing which two XOR-

ed packets for broadcast should be according to the channel

conditions of nodes. For instance, suppose node B has the

worst channel among three source nodes. Accordingly, node

R can choose Wab ⊕Wbc and Wbc ⊕Wca and broadcast them

by superposition coding, as an example shown in Fig. 1(c).

Superposition coding with successive interference cance-

lation is a coding technique whereby the node with higher

channel gain can distinguish the fine resolution of the received

signal constellation while the node with the lower channel gain

can only distinguish the constellation’s coarse resolution. Here

since node B has the smallest channel gain, it can only decode

Wab⊕Wbc, which is modulated by coarse 4-PSK in Fig. 1(c),

with its side information Wbc. Wbc ⊕ Wca is thus modulated

by 32-QAM. Node A and C should be able to decode both

Wab ⊕Wbc and Wbc ⊕Wca using their side information Wab

and Wca, respectively. In this case node C can first decode

Wab ⊕ Wbc and then deocde Wbc ⊕ Wca by subtracting out

Wab ⊕Wbc from its original received signal. Node A can also

decode Wab ⊕ Wbc and Wbc ⊕ Wca by the same way, and

then XOR these two packets into a new packet Wab ⊕ Wca,

and Wca can be extracted out by its side information Wab, as

illustrated in Fig. 1(d).

For Scenario 2 shown in Fig. 1(b), suppose node A would

like to transmit its packet Wa to all other nodes in the network,

node B wants to send its packet Wba to node A, and node

C also wants to transmit its packet Wca to node A as well.

Similarly, in the first three time slots node A, B and C transmit

their packets to relay node R, respectively. So node R will

produce two XOR-ed packets, i.e. Wa ⊕Wba and Wa ⊕Wca,

and broadcast them to all nodes by superposition coding. That

which packet should be “coarsely” modulated is dependent

upon the channel gains of the nodes. For example, if either

node B or C has the worst channel gain then either Wa⊕Wba

or Wa ⊕ Wca has to be modulated by coarse 4-PSK. On the

other hand, we should ensure that all nodes can decode both

Wa ⊕ Wba and Wa ⊕ Wca provided node A has the worst

channel gain in the network. Hence, it does not matter which

XOR-ed packet should be coarsely modulated in this case.

1in this paper we denote this network coding scheme as MAC-Layer XOR
as it happens on the MAC-layer.
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exchange loops (c) A JNSC example: 32-QAM with embedded 4-PSK (d) Packet recovery algorithm at node A.

The achievable rate regions in Fig. 1(a) or in 1(b) can be

easily characterized in a single or multiple IE loops. Suppose

node p would like to exchange its packets with all the source

nodes in set S, and so the achievable rate region for node p
and its destination set S can be defined as

Definition 2.2: Suppose the IE loop set from node p to its

destination node set S is denoted by ℓ−→
pS

and the IE loop set

from set S to p is represented by ℓ−→
Sp

. The achievable rate

region RpS from node p to set S is defined as

RpS ,
{

(RpS, RSp) : ǫ ≤ RIJ ≤ {λmCij , ij ∈ ℓ−→
IJ
},

ǫ ≤ RST ≤ {λnCst, st ∈ ℓ−→
ST

},

|ℓ−→
pS

|
∑

m=1

λm +

|ℓ−→
Sp

|
∑

n=1

λn = 1
}

,

where RpS ,
∑

IJ∈ℓ−→
pS

RIJ , RSp ,
∑

ST∈ℓ−→
Sp

RST , Cij is

the channel capacity from node i to node j, ǫ is an arbitrarily

small positive number, |ℓ−→
pS
| is the number of time slots needed

along ℓ−→
pS

, and {λm, λn} ∈ [0, 1] are time-sharing parameters.

Note that the achievable rate region is defined along IE

loops, which means the transmission rate between any two

source nodes in the loop(s) should be greater than zero, i.e.

Rij 6= 0 and Rst 6= 0. Furthermore, the traffic pattern

parameter between node p and set S is defined as

Definition 2.3: The traffic pattern parameter between node

p and set S, µpS, is defined as the ratio of RSp to RpS, i.e.

µpS ,
RSp

RpS

, and µpS ∈ [ǫ,∞) by Definition 2.2.

Also, the equivalent channel capacity from node p to node

q along loop ℓ−→pq, can be shown as Cpq = (
∑

ij∈ℓ−→pq
C−1

ij )−1.

It is useful to define the achievable rate regions in the sequel.

III. ACHIEVABLE RATE REGIONS

In this section we will investigate the achievable rate regions

for three different transmission schemes, i.e. PTD, PNC and

JNSC. Without loss of generality, we assume the worst channel

in the network is the link between node B and node R, and

the uplink and downlink channel gains between node X and

node R are the same. That is, all channels in the network

are reciprocal. We are going to consider two packet exchange

scenarios as illustrated in Fig. 1(a) and (b). Let us first delve

Scenario 1 with a single IE loop in Fig. 1(a).

A. Scenario 1: Single IE Loop

If we use the PTD scheme to exchange packets between

three nodes in Fig. 1(a), we will need six time slots to complete

all the exchanges. So the achievable rate region can be denoted

by the following region with some constraints:

R
PTD
BC ,

{

(RBC , RCA + RAB) :
∑

λj = 1,
ǫ

2
≤ RAB ≤

{λ1CAR, λ2CRB}, ǫ ≤ RBC ≤ {λ3CBR, λ4CRC},
ǫ

2
≤ RCA ≤ {λ5CCR, λ6CRA}

}

. (1)

So we can conclude the following theorem if we define

the following capacity notations for convenience: CAB ,

(1/CAR +1/CRB)−1, CBC , (1/CBR +1/CRC)−1, CCA ,

(1/CCR + 1/CRA)−1 and C̄CAB , max{CCA, CAB}.

Theorem 3.1: The rate region of the PTD scheme, RPTD
BC , is

a triangular with three vertexes located at (ǫ, ǫ), (CBC − ǫ, ǫ)
and (ǫ, C̄CAB − ǫ).

Proof: Vertex (CBC − ǫ, ǫ) is achievable as node B is the

node dominating most of the transmission time to node C over

the relay. So in this case λ1+λ2+λ5+λ6 = ǫ/CBC , λ3+λ4 =
1−ǫ/CBC , λ3 = (CBC −ǫ)/CBR and λ4 = (CBC −ǫ)/CRC .

So maxRBC = λ3CBR = CBC − ǫ. Similarly, vertex

(ǫ, C̄CAB−ǫ) is achievable by considering λ3+λ4 = ǫ/C̄CAB,

and maxλi
(RCA + RAB) is constrained by ǫ

2 ≤ RCA ≤
{λ5CCR, λ6CRA}, ǫ

2 ≤ RAB ≤ {λ1CAR, λ2CRB} and

λ1 + λ2 + λ5 + λ6 = 1 − ǫ/C̄CAB. Basically, this is a linear

programming problem and C̄CAB − ǫ , maxλi
(RCA +RAB)

happens at a corner point of the convex hull confined by

all corresponding linear constraints according to the linear

programming theory. Furthermore, it follows that this trian-

gular rate region is also an outer bound for RPTD
BC because the

constraints in (1) can be rewritten as

RBC

CBC
+

(RAB + RCA)

C̄CAB
≤

∑

λj = 1 (2)

(2) is the region below the line with two terminal points at

(CBC − ǫ, ǫ) and (ǫ, C̄CAB − ǫ)
For the achievable rate region of the PNC scheme, five

time slots are necessary for delivering all packets to their

destinations because three nodes need three time slots to
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Fig. 2. Achievable Rate Regions: (a), (b) and (c) are for Scenario 1 in Fig. 1(a); (d), (e) and (f) are for Scenario 2 in Fig. 1(b)

upload their packets to the relay and then the relay needs extra

two time slots to broadcast. Thus, the achievable rate region

for the PNC scheme can be described as

R
PNC
BC ,

{

(RBC , RCA + RAB) :
∑

λj = 1,

ǫ

2
≤ RAB ≤ {λ1CAR, λ4CRB}, ǫ ≤ RBC ≤

{λ2CBR, λ5Cb},
ǫ

2
≤ RCA ≤ {λ3CCR, λ5Cb}

}

, (3)

where Cb , min{CRA, CRC}. Therefore, if we define

CBA , (1/CBR + 1/CRA)−1, C̃BAC , min{CBA, CBC},

Ctb , (1/CAB + 1/CBR + 1/CCR + 1/Cb)
−1, and C̄ts ,

max{CAB, (1/CCR + 1/Cb)
−1, 2(1/Ctb − 1/CBR)−1}, then

RPNC
BC can be characterized as stated in the following theorem.

Theorem 3.2: The rate region of the PNC scheme, RPNC
BC , is

a quadrilateral with vertexes located at (ǫ, ǫ), (C̃BAC − ǫ, ǫ),
(ǫ, C̄ts − ǫ) and (Ctb, 2Ctb).

Proof: Vertex (C̃BAC − ǫ, ǫ) can be achieved if node

B sends its packets to node C over the relay at most of

time. So ǫ ≤ RBC ≤ {λ2CBR, λ5Cb} and λ2 + λ5 = 1 −
ǫ/C̃BAC . Thus maxλi

RBC happens when λ2CBR = λ5Cb,

i.e. min{CBA, CBC} − ǫ = maxλi
RBC . Vertex (ǫ, C̄ts − ǫ)

is attainable whenever there is a feasible solution for the

linear programming problem: maxλi
RAB + RCA subject

to λ1 + λ4 + λ3 + λ5 = 1 − ǫ(1/Ctb − 1/CBR), ǫ
2 ≤

RAB ≤ {λ1CAR, λ4CRB} and ǫ
2 ≤ RCA ≤ {λ3CCR, λ5Cb},

and we can verify its solution is max{CAB, (1/CCR +
1/Cb)

−1, 2Ctb} − ǫ, i.e. C̄ts − ǫ. Finally, vertex (Ctb, 2Ctb)
is reachable whenever λ1CAR = λ4CRB = λ2CBR =
λ3CCR = λ5Cb and

∑5
j λj = 1. Also, this quadrilateral

can be proved as an outer bound for RPNC
BC by rewriting and

combining the constraints in (3) as

RBC − Ctb

C̃BAC − Ctb

+
(RAB + RCA)

2Ctb
≤

∑

λj = 1 (4a)

RBC

Ctb
+

(RAB + RCA) − 2Ctb

C̄ts − 2Ctb
≤

∑

λj = 1 (4b)

(4a) corresponds to the region below the line with two

terminal points at (C̃BAC−ǫ, ǫ) and (Ctb, 2Ctb), and (4b) cor-

responds to the region below the line connecting (Ctb, 2Ctb)
and (ǫ, C̄ts − ǫ).

The JNSC scheme needs four time slots to complete all

packet exchanges. Consequently, the achievable rate region for

the JNSC scheme can be written as follows:

R
JNSC
BC ,

{

(RBC , RCA + RAB) :
∑

λj = 1,

ǫ

2
≤ RAB ≤ {λ1CAR, λ4ĆRB}, ǫ ≤ RBC ≤

{λ2CBR, λ4Cb},
ǫ

2
≤ RCA ≤ {λ3CCR, λ4ĆRB}

}

(5)

Note that ĆRB < CRB because node B cannot subtract out

the interference due to superposition coding. If we also define

C̃tb , (1/CAR + 1/CBR + 1/CCR + 1/ĆRB)−1 and C̄tw ,

max{(1/CAR +1/ĆRB)−1, (1/CCR +1/ĆRB)−1, 2(1/C̃tb−
1/CBR)−1}, then the achievable rate region of the JNSC

scheme, R
JNSC
BC , can be shown as

Theorem 3.3: The achievable rate region of the JNSC

scheme, R
JNSC
BC , is a quadrilateral with vertexes located at

(ǫ, ǫ), (C̃BAC − ǫ, ǫ), (ǫ, C̄tw − ǫ) and (C̃tb, 2C̃tb).
Proof: Vertex (ǫ, C̄tw−ǫ) is attainable if there is a feasible

solution for the linear programming problem: maxλi
RAB +

RCA subject to λ1 + λ3 + λ4 = 1 − ǫ(1/CAR + 1/CCR +
1/ĆAB), ǫ

2 ≤ RAB ≤ {λ1CAR, λ4ĆRB} and ǫ
2 ≤ RCA ≤

{λ3CCR, λ4ĆRB}. So its solution happens at the corner

point whose sum rate is maximum in the constrained convex

hull. Similarly, vertex (C̃tb, 2C̃tb) can be achieved by setting

λ1CAR = λ2CBR = λ3CCR = λ4ĆRB , and
∑4

j λj = 1. The

achievement of vertex (C̃BAC − ǫ, ǫ) can be proved as the

same way in the proof of Theorem 3.2. Moreover, RJNSC
BC is

upper bounded by

RBC − C̃tb

C̃BAC − C̃tb

+
(RAB + RCA)

2C̃tb

≤
∑

λj = 1 (6a)

RBC

C̃tb

+
(RAB + RCA) − 2C̃tb

C̄tw − 2C̃tb

≤
∑

λj = 1. (6b)

(6a) corresponds to the region below the line with two

terminal points at (C̃BAC−ǫ, ǫ) and (C̃tb, 2C̃tb), and (6b) cor-

responds to the region below the line connecting (C̃tb, 2C̃tb)
and (ǫ, C̄tw − ǫ).

The achievable rate regions in Theorem 3.1-3.3 can be

illustrated in Fig. 2 provided that all nodes have the same

transmit power and 1
2Cb < ĆRB < 1

2 max{CRA, CRC}. From

Fig. 2(a)(b) we can realize that the JNSC scheme is not always

better than the PNC and PTD schemes as the information

traffic flows of path ℓ−−→
BC

and path ℓ−→
CA

are very asymmetric,

for example, as µBC ≫ 1 shown in Fig. 2(a) and µBC ≪ 1



in Fig. 2(b). According to Fig. 2(a)(b)(c), we can realize the

following result:

Remark 3.4: Region o-a-b-d is the maximum achievable

rate region for all three schemes. It can be achieved by time

sharing on segment b-d in (a) or on segment b-d and a-b in

(b). If all nodes have the same transmit power and channel

gain the JNSC scheme is superior to the other two schemes

when µBC > 2.

B. Scenario 2: Multiple IE Loops

For Scenario 2 in Fig. 1(b), the achievable rate re-

gion of node A for the PTD scheme can be realized as

RPTD
ABC , (RA, RBA + RCA) constrained by ǫ ≤ RA ≤

{λ1CAR, λ2CRB}, ǫ
2 ≤ RBA ≤ {λ3CBR, λ4CRA}, ǫ ≤

RA ≤ {λ1CAR, λ2CRB}, ǫ
2 ≤ RCA ≤ {λ5CCR, λ6CRA}

}

and
∑6

j λj = 1 because the PTD scheme still needs six

time slots in this scenario. Whereas the PNC scheme still

requires five time slots so that its achievable rate region

can be described as RPNC
ABC , (RA, RBA + RCA), which is

constrained by ǫ
2 ≤ RBA ≤ {λ2CBR, λ4CRB}, ǫ

2 ≤ RCA ≤
{λ3CCR, λ5Cb}, ǫ ≤ RA ≤ {λ1CAR, λ4CRB , λ5Cb}, ǫ ≤
RA ≤ {λ1CAR, λ4CRB , λ5Cb}, and

∑5
j λj = 1. Finally, the

achievable rate region of node A for the JNSC scheme can be

expressed as follows: RJNSC
ABC , (RA, RBA + RCA) with ǫ ≤

RA ≤ {λ1CAR, λ4ĆRB}, ǫ
2 ≤ RBA ≤ {λ2CBR, λ4ĆRB},

ǫ
2 ≤ RCA ≤ {λ3CCR, λ4Cb}

}

and
∑4

j λj = 1.

The following theorems specify the achievable rate regions

at node A for three different schemes. Their proofs are omitted

here since they can be proved by using the same approaches

of the proofs in Theorem 3.1-3.3 in Section III-A.

Theorem 3.5: The achievable rate region of node A for the

PTD scheme, RPTD
ABC , is a triangular with vertexes located at

(ǫ, ǫ), (CAB − ǫ, ǫ), (ǫ, max{CBA, CCA} − ǫ).
Theorem 3.6: The achievable rate region of node A for

the PNC scheme, RPNC
ABC , is a quadrilateral with vertexes

located at (ǫ, ǫ),((1/CAB + 1/Cb)
−1 − ǫ, ǫ), (ǫ, C̄tn −

ǫ) and (Ctb, 2Ctb), where C̄tn , max{(1/CBR +
1/CRB)−1, (1/CCR + 1/Cb)

−1, 2(1/Ctb − 1/CAB)−1}.

Theorem 3.7: The achievable rate region of node A for

the JNSC scheme, RJNSC
ABC , is a quadrilateral with ver-

texes located at (ǫ, ǫ), ((1/CAR + 1/ĆRB)−1 − ǫ, ǫ),
(ǫ, C̄tj − ǫ) and (C̃tb, 2C̃tb), where C̄tj , max{(1/CBR +
1/ĆRB)−1, (1/CCR + 1/Cb)

−1, 2(1/C̃tb − 1/CAR)−1}.

Similarly, the achievable rate regions of Theorem 3.5-3.7

are respectively presented in Fig. 2(d), (e) and (f) if all

nodes have the same transmit power and 1
2Cb < ĆRB <

1
2 max{CRA, CRC}. Also, Region o-a-b-d is achieved by

time-sharing either on segment b-d or a-b or on both. Fig.

2(f) reveals an interesting result: the JNSC and PTD schemes

are not superior to the PTD scheme as µABC ≪ 1. That means

using network coding is not a good idea in this situation.

IV. SUM-RATE OPTIMIZATION WITH TRAFFIC PATTERN

CONSTRAINT

The sum rate is a good index to compare the transmission

performance of the three schemes. In this section we will

study how a traffic pattern influences the sum rate performance

of each scheme, and the following definitions of coding gain

for the JNSC and PNC schemes are helpful because we can

use it to quantitatively make a comparison between different

schemes.

Definition 4.1: The JNSC gain ϑ1 is the ratio of the sum

rate of the JNSC scheme to the sum rate of the PTD scheme,i.e.

ϑ1 ,
∑

ij RJNSC
ij /

∑

st RPTD
st , and the PNC gain ϑ2 is the

ratio of the sum rate of the PNC scheme to the sum rate of

the PTD scheme, i.e. ϑ2 ,
∑

ij RPNC
ij /

∑

st RPTD
st . Whereas

the coding gain of the JNSC scheme against the PNC scheme

can be inferred as ϑ3 = ϑ1/ϑ2.

When there is a traffic pattern constraint existing in the

network, the maximum sum rate will be affected as shown in

the following corollaries and theorems.

Corollary 4.2: For Scenario 1 in Fig. 1(a) with traffic

pattern parameter µBC , the maximum sum rates for the PTD,

PNC and JNSC schemes are respectively given by

RPTD
∗ =

1 + µBC

1
CBC

+ µBC

max{CAB ,CCA}

, (7a)

RPNC
∗ =







2(1+µBC)
µBC
Ctb

+
2−µBC

min{CBA,CBC}

, µBC ≤ 2

1+µBC

1

Ctb
+

µBC−2

C̄ts

, µBC > 2
(7b)

RJNSC
∗ =











2(1+µBC)
µBC
C̃tb

+
2−µBC

min{CBA,CBC}

, µBC ≤ 2

1+µBC

1

C̃tb
+

µBC−2

C̄tw

, µBC > 2
(7c)

Proof: For the PTD scheme, its rate region is upper

bounded by (2) as known in Theorem 3.1. The optimal value

R∗
BC of RBC can be determined by replacing RAB + RCA

with µBCRBC , and RBC is bounded by R∗
BC , (1/CBC +

µBC

max{CCA,CAB} ). Hence, RPTD
∗ = maxRAB +RBC +RCA =

max(1 + µBC)RBC = (1 + µBC)R∗
BC , and then we can

arrive at (7a). Similarly, (7b) and (7c) can be also obtained by

finding (1 + µBC)R∗
BC in (4a)(4b) and (6a)(6b) if replacing

RBA + RCA with µBCRBC , respectively.

Theorem 4.3: For Scenario 1 in Fig. 1(a) with traffic pat-

tern parameter µBC , if node B has the worst channel gain then

ϑ∗
1 , maxϑ1 and ϑ∗

2 , maxϑ2 are achieved when µBC = 2.

Proof: For µBC ≤ 2, the coding gain ϑ1 of JNSC against

PTD can be obtained by (7c)/(7a) as

ϑ1 =
2(C−1

BC + µBC min{C−1
AB, C−1

CA})

(2 − µBC)max{C−1
BA, C−1

BC} + µBCC̃−1
tb

By differentiating ϑ1 with respect to µBC , we can realize
dϑ1

dµBC
> 0. Hence, the gain increases along with the increase in

µBC . On the other hand, for µBC > 2, the gain ϑ1 decreases

along with the increase in µBC , namely, dϑ1

dµBC
< 0. Therefore,

ϑ∗
1 must be achieved when µBC = 2. The case of ϑ∗

2 can be

proved in the same way.

The proofs of the following results are omitted since they

are similar as the proofs in Corollary 4.2 and Theorem 4.3.

Corollary 4.4: For Scenario 2 in Fig. 1(b) with traffic

pattern parameter µABC , the maximum sum rates for the PTD,



PNC and JNSC schemes are respectively given by

RPTD
∗ =

1 + µABC
1

CAB
+ µABC

max{CBA,CCA}

,

RPNC
∗ =







2(1+µABC)
µABC

Ctb
+

2−µABC
CAB

+
2−µABC

Cb

, µABC ≤ 2

1+µABC

1/Ctb+(µABC−2)/C̄tn
, µABC > 2

RJNSC
∗ =







2(1+µABC)
µABC

C̃tb
+

2−µABC
CAR

+
2−µABC

ĆRB

, µABC ≤ 2

1+µABC

1/C̃tb+(µABC−2)/C̄tj
, µABC > 2

Theorem 4.5: For Scenario 2 in Fig. 1(b) with traffic pat-

tern parameter µABC , ϑ∗
1 , max ϑ1 and ϑ∗

2 , max ϑ2 are

achieved when µABC = 2.

Here it should be pointed out that whether the coding gains

exist (i.e. {ϑj} > 1) or not highly depends on the value of

ĆRB . To understand this, we can consider a particular situation

in Fig. 1(a) that every node has the same transmit power and

channel gain, which results in CRX = CXR. If we further

assume µBC = 2 and ĆRB = 1
αCRX where α > 1, we can

obtain ϑ∗
1 = 6

3+α , ϑ∗
2 = 1.2 and ϑ∗

3 = 5
3+α . So if 2 > α >

1 the JNSC scheme acquires some throughput gain. So the

transmit power between two superposition packets should be

appropriately allocated to avoid bringing small ĆRB .

V. SIMULATION RESULTS

According to the discussion in the previous sections, we

comprehended that the JNSC scheme can bring a significant

coding gain if the transmit powers for the two superposition-

coded packets are well allocated. We will verify this through

a simulation example. Our simulation setup is to make node B

have the worse channel realizations and node C have the best

channel condition. Namely, we wish to have CRB < CRA <
CRC on average. The ErcB channel model [10] is adopted for

generating the channel gains between the relay node and all

source nodes. Here we further assume that every node has the

same transmit power.

Fig. 3 and Fig. 4 are the simulation results for Scenario 1

in Fig. 1(a) and Scenario 2 in Fig. 1(b), respectively. They are

based on the assumption that at node B the channel capacity

for receiving the coarsely modulated packet, denoted by ĆRB ,

is set as 2
3CRB . From the figures we can know that the

maximum coding gains are achieved when µBC and µABC

are two. The JNSC scheme has the maximum coding gain up

to 25% compared with the PTD scheme, while the coding gain

of the PNC scheme is only up to 13%. These two figures also

reveal that there is a negligible coding benefit as the traffic in

the network is extremely asymmetric.

VI. CONCLUDING REMARKS

The proposed JNSC scheme can exchange information

between more than two source nodes in fewer time slots. In

this paper we consider two IE scenarios between four nodes

and the PTD and PNC schemes in order to compare with

JNSC. The first scenario is the information exchange flows in

the network form a single IE loop. The other scenario is that

there are multiple IE loops in the network. The achievable rate

regions for the three transmit schemes are characterized. From

the achievable rate regions we realized that the JNSC scheme

is not always superior to the other two schemes. Therefore,

a combination of these three schemes can achieve the largest

rate region. The sum rate optimization problem with a traffic

pattern constraint is solved as well. Furthermore, we have

proved that in the both scenarios the maximum coding gains of

the JNSC and PNC schemes compared with the PTD scheme

are achieved when the transmission rate of each node is one

third of the sum rate in the network. The simulation results

verify this finding.
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