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Abstract—This paper proposes an analytical approach to
modeling and analyzing the coexisting transmission performance
in a multi-tier heterogeneous network with multiple radio access
technologies (Multi-RATs). The coexistence issue is a special
phenomenon uniquely existing in a multi-RAT network and it is
rarely studied in prior works on heterogeneous wireless network.
To simply characterize the coexisting transmission impacts in
a multi-RAT network, in this paper we consider a three-tier
heterogeneous network using the RATs of L and U, where RAT-
L is adopted by the access points (APs) in the first two tiers, APs
in the third tier only use RAT-U and the APs in the second tier
can opportunistically use RAT-U. The opportunistic CSMA/CA
protocol is used by the APs contending the RAT-U channel and
the channel access probabilities for the RAT-U AP in two different
tiers are derived under the proposed user association scheme
with random weights. The coexisting coverages of RAT-L and
RAT-U are defined and found, respectively. Numerical results
show that the proposed modeling and analyzing approach can be
well applied to evaluate the coexistence transmission performance
while LTE and WiFi APs both access the unlicensed band.

I. INTRODUCTION

In a heterogeneous cellular network with a single radio
access technology (RAT), different kinds of base stations are
deployed in the network in order to enhance the channel qual-
ity so that the entire network throughput increases accordingly.
Recently, modeling such a multi-tier single RAT heteroge-
neous network by using the stochastic geometry framework
provides a tractable way to analyze the channel transmission
performance in the network, such as signal-to-interference
ratio (SIR), coverage and throughput (typically see [1]–[4]).
The majority of the current works on heterogeneous networks
is merely focused on the single (cellular) RAT scenario and
their results cannot be extended and applied in a multiple RAT
scenario straightway. For example, channel access protocols
for different RATs may be fairly distinct in principle and thus
the transmission interactions of the access points (APs) in a
multi-RAT network are unable to be thoroughly characterized
by a single-RAT modeling approach.

To study the fundamental transmission performance in a
multi-RAT heterogeneous wireless network, in this paper we
propose a novel analytical approach to modeling and analyzing
a multi-RAT heterogeneous network consisting of three-tier
APs. The APs in each tier of the network are of the same

type and performance and they form an independent homo-
geneous Poisson point process (PPP) with a certain intensity.
Two RATs, i.e., RAT-L and RAT-U, operating on two non-
overlapped frequency bands are adopted in this network, and
specifically the APs in the first tier adopt RAT-L only and
those in the third tier use RAT-U only; whereas the APs in the
second tier primarily use RAT-L and they can also access to the
frequency band of RAT-U if they retain the RAT-U channel.
All RAT-L APs can access the RAT-L channel at will without
contending, while all the RAT-U APs have to contend the RAT-
U channel by using the (slotted nonpersistant) opportunistic
CSMA/CA protocol. Such a general multi-RAT network mod-
eling that can characterize the coexisting scenario of multiple
large-scale random networks has not yet been proposed in the
literatures.

Earlier prior works on investigating the coexistence issue
in multiple wireless networks mainly focus on how to effi-
ciently and fairly share the unlicensed bands. In [5], a game-
theoretical approach was proposed to solve the spectrum shar-
ing problem for multiple coexisting and interfering networks.
References [6], [7] characterized the interference modeling
and mitigation in the unlicensed band. These works are not
developed in a large-scale network model and the fundamental
coexisting issues, such as the success transmission probability
and network throughput, are not studied. A few recent works
on the coexistence study between the licensed-band (cellular)
and unlicensed-band (WiFi) networks are more related to
our work here. A more accurate interference analysis tech-
nique based on the continuum field approximation and spiral
representation was proposed in [8] for large-scale networks,
but it still does not characterize the fundamental relationship
between the interference and the intensities (density) of the
WiFi and LTE APs. Although our recent work in [9] presents
a stochastic geometry approach to studying the coexisting
success probability and throughput problems between LTE
small cell and WiFi APs, it does not model the interference
mitigation effect if opportunistic CSMA/CA is used by all
APs so that its coexisting performance would be too much
conservative.

In this paper, our first contribution is to propose a very
general model for a large-scale multi-RAT heterogeneous net-
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work under the stochastic geometry framework. We consider
a generalized user association scheme for RAT-L and RAT-U
and an opportunistic CSMA/CA protocol used by all RAT-U
APs. Our second contribution is to first theoretically derive the
distribution of the distance between associated APs and their
users and then use it to find the channel access probability
of each RAT-U AP in closed form and verify its correctness
by numerical results. The SIR-based RAT-L and RAT-U co-
existing coverages are defined, respectively, and we show that
the RAT-L coexisting coverage exists in closed form whereas
only the lower bound on the RAT-U coexisting coverage can be
found, which is our third contribution. To validate our findings,
we apply our model in a three-tier heterogeneous wireless
network consisting of licensed (cellular) macro and small cell
APs and unlicensed (WiFi) APs. Numerical results show that
the opportunistic CSMA/CA can help all RAT-L and RAT-U
APs simultaneously and significantly improve their coexisting
coverage.

II. NETWORK MODEL AND PRELIMINARIES

A. Multi-RAT Heterogeneous Network Modeling

Suppose a large-scale planar heterogeneous wireless net-
work consisting of three tiers of access points (APs, or
called base stations)1. There are two kinds of radio access
technologies (RATs) adopted in the network, i.e., RAT-L and
RAT-U, and they are operated in two different non-overlapped
frequency bands. The first tier in the network consists of
the (macro) APs only adopting the RAT-L, the second tier
consists of the (small) APs primarily adopting the RAT-L
and opportunistically adopting RAT-U if they can access the
RAT-U channel, and the third tier consists of the APs only
adopting the RAT-U2. In the kth tier, all APs form a marked
homogeneous Poisson point process (PPP) of intensity λk
denoted by

Φk , {(Xk,i, Hk,i, Gk,i, Pk) : Xk,i ∈ R2, Pk, Hk,i,

Gk,i ∈ R+,∀i ∈ N+}, k ∈ {1, 2, 3}, (1)

where Xk,i denotes AP i in the kth tier and its location, Pk is
the transmit power used by all APs in the kth tier, Hk,i’s and
Gk,i’s characterize the downlink fading and shadowing chan-
nel gains between AP Xk,i and its serving user, respectively.
For all i ∈ N+ and k ∈ {1, 2, 3}, all Hk,i’s are assumed to
be independent and identically distributed (i.i.d.) exponential
random variables with unit mean and all G−1

k,i ’s are i.i.d. log-
normal random variables with zero mean.

Users adopting the two different RATs in the network are
also assumed to form two independent homogeneous PPPs.

1The concept of a tier of APs here means the same type of APs consisting
of one tier. Thus, the entire heterogeneous network consists of 3 tiers of APs.

2For an example in practice, the RAT-L APs and RAT-U APs can be referred
to the macro/small cell base stations using the licensed band and the WiFi
APs using the unlicensed band, respectively.

Without loss of generality, the user association scheme based
on an RAT-R user located at the origin can be written as

X∗R =

{
arg supXk,i∈

⋃
k=1,2 Φk

Wk,i‖Xk,i‖−α, if R = L

arg supX3,i∈Φ3
W3,i‖X3,i‖−α, if R = U

(2)

in which Wk is called the (random) association weight of the
tier-k APs, ‖X − Y ‖ denotes the Euclidean distance between
nodes X and Y and α > 2 is the path loss exponent.
Note that we assume a “non-crossing RAT” user association
policy, i.e., each RAT-R user only can associate an RAT-R
AP where R ∈ {L,U}. The user association scheme is a
random-weighted-pathloss design and it can cover several user
association schemes [10]–[12]. For example, letting Wk,i =
PkGk,i results in the maximum received-power association
(MRPA) scheme by assuming that the small-scale fading can
be averaged out while calculating the mean channel power
gain. The distribution of ‖X∗R‖ is provided in the following
theorem.

Theorem 1 (The statistics of ‖X∗R‖). If the associated AP X∗R
in (2) uses RAT-L, the cumulative distribution function (CDF)
of ‖X∗L‖ is given by

F ∗L (x) = 1−
2∑

m=1

ϑmE

[
e
−πx2W

− 2
α

m

∑2
k=1 λkE

[
W

2
α
k

]]
, (3)

where ϑm denotes the probability that an RAT-L user as-
sociates with a tier-m AP, i.e., ϑm , P[X∗L ∈ Φm] =

λmE
[
W

2
α
m

]
/
∑2

k=1 λkE
[
W

2
α

k

]
. On the other hand, if X∗U in

(2) adopts RAT-U, the CDF of ‖X∗U‖ is

F ∗U(x) = 1− E
[
exp

(
−πλ3x

2E
[
W

2
α

3

]
W
− 2
α

3

)]
. (4)

Proof: First, consider the case that X∗R is an RAT-L AP.
Applying Theorem 1 in [10] to (2) leads to the following

P[‖X∗R‖ ≤ x|X∗R ∈ Φm] = P[‖X∗L‖ ≤ x|X∗L ∈ Φm]

= P

[
W

1
α
m inf
X′k,i∈Ψ′L

‖X ′k,i‖ ≤ x
∣∣∣∣X∗L ∈ Φm

]

= 1− E

[
exp

(
−πx2W

− 2
α

m

2∑
k=1

λkE
[
W

2
α

k

])]
, (5)

where Ψ′L ,
⋃2
m=1 Φ′m and Φ′m , {X ′m,i ∈ R2 : X ′m,i =

W
− 1
α

m,i Xm,i, Xm,i ∈ Φm,∀i ∈ N+} is a homogeneous PPP

of intensity λmE
[
W

2
α
m

]
due to the result in Theorem 1 in

[10] and thus the intensity of Ψ′L is
∑2
m=1 λmE

[
W

2
α
m

]
. In

addition, the CDF of ‖X∗L‖ can be completely expressed as

F ∗L (x) , P[‖X∗L‖ ≤ x] =

2∑
m=1

P[‖X∗L‖ ≤ x|X∗L ∈ Φm]ϑm,

where ϑm is equal to P[W
− 1
α

m X∗L ∈ Φ′m], which is the
probability that the nearest AP in Ψ′L is from Φ′m. Hence,
(3) is obtained. Finally, considering R = U and Ψ′U , Φ′3 in
(5) for the one tier case, we can readily obtain P[‖X∗U‖ ≤



x] = 1−E
[
exp

(
−πx2W

− 2
α

3 λ3E
[
W

2
α

3

])]
, which is exactly

the result in (4).
Obviously, Theorem 1 characterizes the statistical property

of the distance between a user and its associated AP in a multi-
RAT network for the user association scheme in (2), and it is
a underlying result for evaluating the coexisting performance,
such as the coexisting coverage and the transmission proba-
bility in the RAT-U frequency band. The coexisting coverage
will be introduced in Section III and here we first would like
to investigate how the channel access probability of an RAT-
U AP is influenced by the user association scheme and the
opportunistic CSMA/CA protocol.

B. Opportunistic CSMA/CA for RAT-U

For all the APs accessing the RAT-U frequency band, they
have to contend the channel3 before accessing it by using
the slotted nonpersistent opportunistic carrier sense multiple
access with collision avoidance (CSMA/CA) protocol4. By
adopting such a slotted opportunistic CSMA/CA protocol, all
APs in tiers 2 and 3 whose channel power gains in the RAT-U
frequency band are greater than some threshold are qualified
and synchronized to access the RAT-U frequency band in the
predesignated time slots. The sensing region of an RAT-U AP
in the kth tier for k ∈ {2, 3} is assumed to be a set Sk ⊂ R2

in which all transmitting activities of all other RAT-U APs
can be detected by the AP. Assuming all APs always have
data to transmit (i.e., every RAT-U AP tries to contend the
channel every time slot.), the following theorem indicates the
probability of accessing the RAT-U channel for an RAT-U AP
using opportunistic CSMA/CA.

Theorem 2 (Channel access probability of the APs in the
RAT-U frequency band). If an RAT-U AP in the kth tier can
detect all other RAT-U APs in its sensing region Sk and access
the RAT-U channel by using the opportunistic CSMA/CA
protocol with channel gain threshold θk and random backoff
time Tk ∈ R+, its channel access probability is given by

ρk = E

[
exp

(
−Tk

3∑
m=2

Ak,mpmλmE
[
W

2
α
m

])]
, (6)

where k = {2, 3}, pm is the probability that the channel power
gain of the associated tier-m AP’s is greater than threshold θm
and it is given by pm = P[HG ≥ θm] = E[exp(−θm/G)],
Ak,m , E[µ(Sk \ (Sk ∩ Dm))]1(k = m) + E[µ(Sk)]1(k 6=
m) is the mean area where the tier-m APs are distributed,
µ(A) is the Lebesgue measure of set A ⊂ R2, 1(E) is the
indicator function that is equal to one if event E is true and
zero otherwise, Dm , {X ∈ R2 : ‖X‖ ≤ ‖X∗L‖1(m =
2)+‖X∗U‖1(m = 3)} where X∗R is given in (2) and µ(Dm) =
π(‖X∗L‖21(m = 2) + ‖X∗U‖21(m = 3)).

3For the ease of analysis, we assume there is only one available channel in
the RAT-U frequency band. However, the following analytic results are easily
extended to cover the results for the multi-channel case with a moderate
modification in modeling (for example, see our prior work in [9]).

4In order to have a simple interference model while modeling the signal-
to-interference ratio (SIR) in Section III, the CSMA/CA protocol is assumed
to be “slotted”.

Proof: See Appendix A.
The result of Theorem 2 reveals that the user association

weight, channel gain threshold, and backoff time distribution
all significantly affect the channel access probability. For in-
stance, if the random backoff time Tk is uniformly distributed
in [0, τk], in this case ρk can be explicitly found as given in (7)
and its simulation results are illustrated in Fig. 1 by assuming
Sk is a circular region of radius 30m and cell association
weight Wk,i is HiGi (i.e., the MRPA scheme is used.). As can
be seen in the figure, the simulation results coincide with the
theoretical result in (7) and the APs in Φ2 have a much lower
channel access probability than those in Φ3 due to their longer
random backoff time. Also, the APs performing opportunistic
CSMA/CA can attain a higher channel access probability since
the APs with a channel gain lower than the threshold are not
allowed to contend the channel. In Section IV, we will further
show that the coexisting coverage of each RAT can also be
significantly improved due to exploring channel gain statistics
for CSMA/CA.

III. RAT-R COEXISTING COVERAGE

In order to evaluate the coexisting transmission performance
of the APs in the multi-RAT heterogeneous network, we first
need to characterize the signal-to-interference ratio (SIR) by
considering the entire network is interference-limited. Without
loss of generality, suppose a typical RAT-R user located in the
origin and it associates with a tier-k AP. Then its SIR can be
written as

γR,k =
HkGkPk‖X∗R‖−α∑

Xm,j∈ΨR\X∗R
PmHm,jGm,j‖Xm,j‖−α

, (8)

where k ∈ {1, 2}, X∗R ∈ Φk, ΨR =
⋃
m∈{1,2} Φm if R = L and

k = {2, 3}, ΨR =
⋃
m∈{2,3} Φm if R = U. By inheriting the

concept of the coverage in a cellular network, we define the
RAT-R coexisting coverage in the multi-RAT heterogeneous
network as follows

P[γR ≥ βR] ,

{∑2
k=1 P[γL,k ≥ βL]ϑk, if R = L∑3
k=2 P[γU,k ≥ βU]ωk, if R = U

, (9)

in which βR > 0 is the SIR threshold for successful decoding
at an RAT-R user and thus P[γR,k ≥ βR] can be interpreted
as the RAT-R coexisting coverage of tier-k, ϑm is defined
in Theorem 1 and ωk , λkρkpk/

∑3
m=2 λmρmpm represents

the tier-k AP fraction of all the APs accessing the RAT-U
frequency band.

The main distinction between the definitions of P[γL ≥ βL]
and P[γU ≥ βU] originates from the assumption of the closed-
RAT user association so that ϑ’s and ω’s have different
definitions and physical meanings. For the RAT-L users, they
associate with a tier-m AP with probability ϑm since they
could associate with any AP in tiers 1 and 2. For the RAT-
U users, however, they merely can associate with an AP in
tier 3 and they have to contend the RAT-U channel with other
RAT-L users associating with tier-2 APs. Therefore, the RAT-
U coexisting coverage is redefined by using parameters ω’s so
that it has a similar form of the RAT-U coexisting coverage.



ρk =


1−exp

(
−τm

(
Ak,mλm+Ak,kλk

τm
τk

))
τk

(
Ak,mλm+Ak,kλk

τm
τk

) +
exp
(
−τmAk,kλk

(
1− τmτk

))
−exp

(
−τkAk,kλk

(
1− τmτk

))
Ak,kλk(τk−τm)

, for τm < τk

1−exp(−τk(Ak,kλk+Ak,mλm
τk
τm

))
τk(Ak,kλk+Ak,mλm

τk
τm

)
, for τm ≥ τk

, (7)

where λk , pkλkE[W
2
α

k ], λm , pmλmE[W
2
α
m ], k,m ∈ {2, 3} and k 6= m.
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Fig. 1. Channel access probabilities (ρ2 and ρ3) for the RAT-U APs with
(non-opportunistic) CSMA/CA and opportunistic CSMA/CA. The network
parameters for simulation are: λ3 = 1 × 10−4 APs/m2, τ2 = 2, τ3 = 1,
α = 4, E[lnG] = 0, E[(lnG)2] = 1, P2 = 0.5 W, P3 = 0.2 W.

The following theorem shows the results of the RAT-L and
RAT-U coexisting coverages.

Theorem 3. If all channels undergo Rayleigh fading and let
Wk,i = PkGk,i in (2), the RAT-L coexisting coverage in (9)
can be found as

P[γL ≥ βL] =
1

1 + ` (βL, 1/βL)
, (10)

where ϑk = and `(·, ·) is given by

`(x, y) = x
2
α

 2π

α sin(2π/α)
−
∫ y

2
α

0

dt
1 + t

α
2

 .

For the RAT-U coexisting coverage in (9), its lower bound can
be shown as

P[γU ≥ βU] ≥
3∑

k=2

(
1 +

[
3∑

m=2

`(βU, βk,m)

(
Pm
Pk

) 2
α

×

λm
λk
pmρm

])−1(
λkρkpk∑3

m=2 λmρmpm

)
, (11)

where βk,m , β−1
U 1(k = m).

Proof: See Appendix B.
The RAT-L coexisting coverage in (12) is obtained in closed-

form and it does not depend on the intensities of RAT-L APs
since there is no channel contention between APs as well as
the distance between each associated AP and its user depends

on both of the intensities λk, k ∈ {1, 2}. The closed form
of the RAT-U coexisting coverage cannot be found since the
tier-k APs that are able to access the RAT-U frequency band
actually form a Matérn hard-core point process (MHCPP) of
intensity ρkpkλk due to their position correlation [13]. The
lower bound in (11) depends on the intensities of the RAT-U
APs is due to the closed-RAT user association policy so that
the associated k-tier APs only depend on intensity λk, k ∈
{2, 3}. The simulation results given in the following section
will verify the coexisting coverages shown in Theorem 3.

IV. SIMULATION EXAMPLE FOR COEXISTING LTE AND
WIFI NETWORKS

In this section, we apply our proposed modeling and anal-
ysis framework in the coexisting scenario where the first two
tiers consisting of the macro base stations (BSs) and small
cell BSs in the LTE cellular network and the third AP tier
consisting of the APs in the WiFi network. Namely, LTE
BSs use the licensed band (RAT-L) whereas WiFi APs adopt
the unlicensed band (RAT-U). The network parameters for
simulation are listed in Table I. We assume the MRPA scheme
is used for users, the random backoff time for CSMA/CA
is uniformly-distributed and the channel access probability is
already shown in (7).

The simulation results for the non-opportunistic CSMA/CA
protocol used in the unlicensed band are shown in Fig. 2. The
numerical result of the coexisting coverage for the cellular
BSs is about 0.7 for all the intensity ratios, which coincides
with the theoretical result 0.697 found by (10). Due to the
coexisting interference, the coexisting coverages of small cell
BSs and WiFi APs in the unlicensed band are impacted each
other. The coexisting coverage of the small cell BSs is initially
worse than that of the WiFi APs since the intensity of small
cells are smaller and the average backoff time is longer. As the
intensity of the small cells increases, their coexisting coverage
increases accordingly and yet the coexisting coverage of WiFi
APs decreases, which makes the coexisting coverage in the
unlicensed band eventually almost converge to a constant. The
lower bound on the coexisting coverage in the unlicensed band
is also shown in the figure and it is fairly tight in the low
intensity ratio region and yet a bit loose in the high intensity
ratio region.

Fig. 3 presents the simulation results for the opportunistic
CSMA/CA protocol in the unlicensed band. Comparing the
coexisting coverages of the two figures in the unlicensed band,
we can observe that the coexisting coverage in the unlicensed
band due to opportunistic CSMA/CA is improved by about
28% on average for threshold θ2 = θ3 = 1. This means that



TABLE I
NETWORK PARAMETERS FOR SIMULATION

Parameter \ AP Type Macro Small Cell WiFi
Power Pk (W) 40 0.5 0.2

Intensity λk (APs/m2) 1× 10−6 (see figures) 1× 10−4

Maximum Backoff Time τk ∞ 2 1
Sensing Area Sk (m2) N/A 900π
CSMA Threshold θk N/A 1

SIR Threshold βR 0.5
G−1

k ∼ lnN (mean, variance) (0, 2)
Pathloss Exponent α 4
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Fig. 2. Coexisting coverages with non-opportunistic CSMA/CA.
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Fig. 3. Coexisting coverages with opportunistic CSMA/CA.

exploring the channel gain statistics can significantly improve
the coverages of small cell and WiFi APs at the same time.
Accordingly, we can expect that choosing an appropriate value
of threshold θk is definitely able to significantly improve the
coverage performance for all APs in the unlicensed band.
The opportunistic CSMA/CA also can improve the tightness
of the lower bound on the coexisting coverage in the high
intensity ratio region since it reduces the intensity of the total
contending APs so that the location correlation between the
APs granting the channel is somewhat weakened.

V. CONCLUDING REMARKS

In this paper, a general approach to modeling a hetero-
geneous wireless network with multiple RATs is proposed
based on the stochastic geometry framework. Under this
modeling methodology, specifically a three-tier random net-
work architecture with RAT-L and RAT-U is considered and
the channel access probabilities for all RAT-U APs using
the opportunistic CSMA/CA protocol are first characterized.
We propose the SIR-based coexisting coverages to evaluate
the success transmission performance in the heterogeneous
network with the opportunistic CSMA/CA protocol used by
all RAT-U APs. The RAT-L coexisting coverage is found
in closed-form whereas the RAT-L coexisting coverage only
can be derived with a lower bound due to the fact that
all RAT-U APs form an MHCPP. Simulation results show
that the coexistence issue between LTE and WiFi APs can
be well-characterized by our proposed multi-RAT modeling
and analysis, and opportunistic CSMA/CA can significantly
improve all the coexisting coverages at the same time. Our
future work will analyze the coexisting network throughput
for the proposed multi-RAT network model.

APPENDIX

A. Proof of Theorem 2

First, we need to characterize the average number of the
RAT-U APs in tiers 2 and 3 within the region of a tier-k
AP where k ∈ {2, 3}. According to the definition of Dm
in above, we realize that Dm denotes the circular region of
radius ‖X∗L‖1(m = 2) + ‖X∗U‖1(m = 3) where there are
no tier-m APs since X∗R can be statistically viewed as the
nearest AP from Ψ′R to the origin (see the proof of Theorem
1.). Accordingly, Sk\(Sk∩Dm) represents the region in which
the APs of Φ′k are distributed if k = m because no APs of
Φ′k are distributed in (Sk ∩ Dm). The average number of the
tier-m APs in this region is E[λmW

2
α
mµ(Sk \ (Sk ∩ Dm))] =

λmE[W
2
α
m ]E[µ(Sk \ (Sk ∩ Dm))]. Whereas tier-m APs are

distributed in the entire Sk if k 6= m so that the average number
of the tier-m APs in Sk is λmE[W

2
α
m ]E[µ(Sk)].

Since only the APs whose channel power gains are greater
than the threshold are qualified to contend the channel and all
channel power gains are independent, the intensity λmE[W

2
α
m ]

is thinned by pm so that the total average number of the
RAT-U APs contending the channel with a tier-k AP is∑3
m=2Ak,mλmE[W

2
α
m ]pm. According to Reference [14], the

retaining channel probability (channel access probability) of
an AP using CSMA/CA can be shown as e−tN for average
number of the contending APs N and given backoff time t.
As a result, the transmission probability of a tier-k AP with a
random backoff time Tk > 0 can be explicitly calculated by
(6).



B. Proof of Theorem 3

Using the results in Theorem 1, we know γL,k in (8) has a
statistical identity given by

γL,k
d
=

Hk‖X̃∗L‖−α∑
X̃j∈Ψ̃L\X̃∗L

Hj‖X̃j‖−α
,

where d
= denotes equivalence in distribution, Ψ̃L = Φ̃1∪ Φ̃2 is

a homogeneous PPP of intensity E[G
2
α ](
∑2
m=1 λmP

2
α
m ), Φ̃m

is a homogeneous of intensity λmP
2
α
mE[G

2
α ] and X̃∗L is the

nearest AP in Ψ̃L to the origin. Thus, ζL,k , P[γL,k ≥ βL] can
be expressed as

ζL,k = E

exp

− ∑
X̃j∈Ψ̃L\X̃∗L

(
‖X̃∗L‖
‖X̃j‖

)α
Hj


(a)
=

1

1 + ` (βL, 1/βL)
, (12)

where (a) follows from the results of Proposition 2 in [10],
[12]. Also, according to Theorem 1 we know

ϑk =
λkP

2
α

k E[G
2
α

k ]∑2
m=1 λmP

2
α
mE[G

2
α
m]

=
λkP

2
α

k∑2
m=1 λmP

2
α
m

(13)

since Gk’s are i.i.d. Substituting (12) and (13) into (9) yields
(10).

Similarly, letting ζU,k = P[γU,k ≥ βU] gives rise to

ζU,k = E

exp

− ∑
X̃m,j∈Ψ̃U\X̃∗U

(
‖X̃∗U‖
‖X̃m,j‖

)α
Hm,jβU

 ,
where Ψ̃′U , Φ̃′2 ∪ Φ̃′3 is an MHCPP of intensity
E[G2/α]

∑3
m=2 λmρmpmP

2
α
m , Φ̃′m that is a subset of the PPP

Φ̃m of intensity λmP
2/α
m E[G2/α] is an MHCPP of intensity

λmρmpmP
2/α
m E[G2/α], and X̃∗U is the nearest AP in Φ̃k to

the origin since X∗U found in (2) is only from Φk for the case
considered here. Since the locations of the APs in Ψ̃′U could
be correlated, the probability generating functional (PGFL) of
a PPP cannot be applied to ζU,k to obtain the closed-form
expression of ζU,k [13], [15].

Nonetheless, the lower bound on ζU,k can be acquired by
assuming Φ̃′2 and Φ̃′3 are two independent PPPs since such
a PPP-based assumption eliminates the distance correlations
between the RAT-U APs and results in the increment in
interference. Following this assumption, we can have the lower
bound on ζU,k given by

ζU,k ≥E

[
exp

− ∑
X̃k,j∈Φ̃k\X̃∗U

(
‖X̃∗U‖
‖X̃k,j‖

)α
Hk,jβU

×
exp

− ∑
X̃m,j∈Ψ̃U\Φ̃k

(
‖X̃∗U‖
‖X̃m,j‖

)α
Hm,jβU

]

(b)

≥EDU

[
exp

(
−πλkpkρkP

2
α

k E[G
2
α ]D2

U,k` (βU, 1/βU)
)
×

exp

−π`(βU, 0)
∑
m6=k

P
2
α
mE[G

2
α ]λmpmρmD

2
U,k

]

(c)
= E

[(
1 +

[
3∑

m=2

`(βU, βkm)λmpmρm
λk

(
Pm
Pk

) 2
α

])−1]
,

where (b) follows from the PGFL of two independent PPPs
for a given DU,k , ‖X̃∗U‖ for X̃∗U ∈ Φ̃k by considering
X̃∗U independent of all other APs in Φ̃k and (c) is ob-
tained by averaging over D2

U,k with the pdf fD2
U,k

(x) =

πλkP
2
α

k E[G
2
α ] exp(−πλkP

2
α

k E[G
2
α ]x). Substituting the above

lower bound on P[γU,k ≥ βU] into (9) generates the result in
(11). This completes the proof.
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