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Abstract 
Built on the sparse representation framework, sparse subspace 
clustering (SSC) received considerable attention in the recent years. 
Conventional SSC employs 1 -minimization based sparse 
regression for neighbor identification on a sample-by-sample basis, 
and is unaware of the neighbor information revealed by those 
already computed sparse representation vectors. To rid this 
drawback, this paper proposes a weighted 1 -minimization based 

sparse regression method, and an associated data ordering rule able 
to reflect the reliability of neighbor information for further 
enhancing the clustering accuracy. The selection of weighting 
coefficients for SSC is also discussed. Computer simulations using 
both the synthesis and real data are provided to evidence the 
effectiveness of the proposed method. 

Index Terms: Subspace clustering; sparse representation; 
compressive sensing. 

I. INTRODUCTION 

Efficient classification of data obeying the union-of 
-subspace model, a.k.a., subspace clustering, lies in myriad 
practical applications [1]. This kind of subspace clustering 
problems can be simply stated as follows. Suppose one has 
access to a noisy data set 1{ , , } n

N y y   whose 
ground truth is a disjoint union of the form 

      1 2 L       ,          (1.1) 

where n
k    consists of 0k    data points 

originating from the kth subspace of dimension kd , and 

1 L N     . Given the data set   and unknown L 
and kd ’s, the task is to uncover the partition (1.1). Sparse 
subspace clustering (SSC) [2-6] exploiting the recent 
progress in compressive sensing [7-11] is an effective means 
for dealing with this task (see Table I for an outline of the 
SSC algorithm). In order to construct a similarity graph for 
 , an essential part of SSC is to identify the neighbors of 
each iy  based on the sparse representation of iy  in terms 
of all other jy ’s for j i , that is, stacking the elements 

of  , except iy , to form the matrix ( 1)n N
i

 
 Y  , and 

trying to express iy  as a linear combination of columns of 

iY , i.e., i i iy Y c  with 1N
i

c  . SSC then seeks 
for the sparsest solution i

c , with the hope that the columns 
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Table I. Outline of the noisy SSC algorithm. 

Noisy SSC algorithm using 1 -minimization 

Input: Data set  1, , N y y  

1. Identify the neighbors of iy  by solving the optimization 

  problem (1.2) for each 1 i N   

2. Normalize the column vector *
ic  and let    

  * * * * *,1 , 1 , 1 , 0 i i i i i i i Nc c c c 
    c  

N   

3. Set 1[ ]N
 C c c  and | | | |T N N  G C C   

4. Form a similarity graph with N  nodes, with the weight on 
the edge between the  ,i j  node pair equal to  ijG  

5. Apply spectral clustering to the similarity graph 

Output: Partition   ˆ1 L     

 
of iY  supported on the nonzero elements of i

c  are the 
correct neighbors of iy , i.e., they belong to the same cluster 
as iy . To compute i

c , one common approach is to adopt 

1 -minimization [3-9], namely, for each 1 i N  , 

subject to 
1 2

argmin   i i i i i 
  c c y Y c ,   (1.2) 

where 0   is proportional to the noise level. An 
important issue in the study of noisy SSC is to investigate 
conditions guaranteeing the subspace detection property, i.e., 
the sparse regression (1.2) surely returns a subset from the 
correct cluster; related works can be found in [3-6]. 
 
  For a given data set   with N points, the SSC algorithm 

conducts the sparse regression (1.2) N times, one for each 

iy  (say, starting from 1y  until Ny ), to successively 
identify the respective neighbors. In this paper, we come up 
with a new approach to finding i

c  based on the following 
fact: once the optimal sparse representation 

,1 , 1 , 1 ,[  ]Ti i i i i i i Nc c c c    
 c    associated with iy  is 

available, it can reveal certain side information about its 
neighbors. Indeed, if the amplitude ,i jc  is large, jy  is 
highly likely to be a neighbor of iy . Such information shall 
be exploited for computing j

c  toward more accurate 
neighbor identification. Inspired by the above thought, we 
propose a new sparse regression scheme by means of 
weighted 1 -minimization; namely, for 1 i N  , 

subject to 
1 2

argmin   i i i i i i 
  c W c y Y c , (1.3) 



  

where ( ) ( ) ( 1) ( 1)
1 1{ , , }i i N N

i Ndiag w w   
 W    is a 

diagonal weighting matrix with ( ) 0i
jw   reflecting the 

available prior knowledge about the neighbors of iy . Note 
that (1.3) is reminiscent of the weighted 1 -minimization in 
the compressive sensing [12], which has been a standard 
technique for improving sparse signal reconstruction quality. 
To implement the proposed method (1.3), one would still 
compute i

c  one after another, say, starting from 1y  until 

Ny  (or any permutation thereof), without obeying any 
specific order. Such a naïve scheme, however, is unaware of 
different levels of reliability indicated by the computed 

,i jc . Generally speaking, the larger the amplitude ,i jc  is, 
the more reliable the neighbor information it can offer. To 
deal with this issue, we propose a sorting scheme to exploit 
reliability of such kind toward further enhancing the 
neighbor identification accuracy. In addition, the selection of 
the weighting coefficients in the context of SSC is also 
discussed. Computer simulations show that the proposed 
sparse regression (1.3) in conjunction with the ordering 
scheme outperforms both the naïve scheme without ordering 
and the conventional approach without weighting. 
 
  We remark that adoption of weighted 1 -minimization 
for SSC has been considered in our previous work [13]. 
Therein, data weighting is used for improving the neighbor 
identification performance of the data-driven two-step 

1 -minimization sparse regression proposed by Candès at 
all in [4]. Notably, for an N -point data set, the two-step 
algorithm in [13] requires solving 2N  1 -minimization 

problems (N conventional problems (1.2) for acquiring prior 
neighbor and subspace dimension information, followed by 
N weighted Lasso for refining the identification accuracy via 
exploiting the prior knowledge obtained in the first step). By 
contrast, our current study is under the standard SSC 
framework [2], which involves solving only N 

1 -minimization problems. In terms of algorithmic 
complexity, the proposed approach is this paper requires 
only half of the computations as compared with the method 
in [13]. Our contribution confirms that data weighting in 
conjunction with the proposed ordering rule can 
significantly improve the clustering performance even for 
conventional SSC. 

II. PROPOSED METHOD 

This section presents in detail the proposed weighted 
1 -minimization based sparse regression for neighbor 

identification. Section II-A introduces a simple naïve scheme. 
Section II-B then proposes a data ordering rule for 
enhancing the neighbor identification accuracy. Section II-C 
discusses the selection of the weighting function. 

A. Naïve Scheme 

A simple naïve implementation of the proposed SSC using 
sparse regression (1.3) is outlined in Table II, in which the 
optimal sparse representations 1, , N

 c c  are successively  

Table II. SSC with naïve weighted 1 -minimization sparse regression. 

Sparse regression via weighted 1 -minimization (naïve scheme) 

Input: Data set  1, , N y y  

Initialize: 1 1NW I  

for 1, ,i N   
1. Solve 

 *
1 2argmin  subject to i i i i i i   c W c y Y c  

2. Set the ( 1) ( 1)N N    weighting matrix according to 

 ( 1) ( 1) ( 1) ( 1)
1 1 2, , , , ,i i i i

i i i Ndiag w w w w   
 W  

, where ( 1)i
jw   

is defined by ( 1) *
, 1

,   1
| |

1,  otherwise

i
j ij

j i
cw






     

 

end 
Output: Sparse representation vectors * *1{ , , }Nc c  

computed without any prescribed order. The algorithm starts 
with 1y , and employs the conventional 1 -minimization 

(1.2) to compute 1 1,2 1,[ ]TNc c  c  . Next, we move on to 

2y . To incorporate the knowledge of 1,2c , we adopt the 
weighted 1 -minimization (1.3) for computing 

2 2,1 2,3 2,[  ]TNc c c   c  ; the weighting matrix is set as 

2 1,2{ ( ),1, ,1}diag f cW  , where ()f   is the weighting 
function to be defined next (see (2.2)). Then, we turn to 
consider 3y , use the regression (1.3) for finding 3

c  with 

the weighting matrix 3 1,3 2,3{ ( ), ( ),1, ,1}diag f c f c W  , 
and so on. By means of data weighting, the neighbor 
information offered by the already computed i

c ’s can be 
readily exploited for more accurate neighbor identification 
(thus, improved subspace data clustering performance) as 
compared to the conventional un-weighted sparse regression 
(1.2). The above naïve implementation, however, ignores the 
degree of reliability reflected by the amplitude of ,i jc . To 
take care of this issue, in what follows we propose an 
ordering rule for further enhancing the neighbor 
identification accuracy. 

B. Data Sorting 

To introduce the proposed approach, we first use a simple 
toy example to illustrate the idea behind. Consider a data set 
of five points 1 5{ , , } y y . Initialized with 1y , 
assume the optimal sparse representation computed using 
(1.2) is 1 1,2 1,3 1,4 1,5[    ] [0.4 2 0.03 0.6]T Tc c c c      c . 

Since 1,
2 5

argmax 3j
j

c

 
 , 3y  is most likely a neighbor of 

1y . So, we next compute for 3y  the corresponding 3
c  by 

solving (1.3), with the weighting matrix 

3 1,3{ ( ),1,1,1}diag f cW . Assume that the computed 

3 3,1 3,2 3,4 3,5[    ] [1.6 0.1 0.2 0.1]T Tc c c c      c . Now, 
given the two sets of neighbor information provided by 1

c  
and 3

c , we go on to determine which one among the 
remaining three points 2 4 5{ , , }y y y  is the next candidate. A 



  

Table III. SSC using weighted 1 -minimization sparse regression with 
data ordering. 

Sparse regression via weighted 1 -minimization with data ordering 

Input: Data vectors  1, , N y y  

Initialization： {1}  , ' 1i  , 1 1NW I  

while ( )N   do 
1. Solve  

 *
' ' ' ' ' '1 2

argmin  subject to i i i i i i   c W c y Y c  

2. *
,

1 ,
' argmax j i

i N i j

i c
   

   

3. Set the weighting matrix 

 ( ') ( ') ( ') ( ') ( 1) ( 1)
' 1 ' 1 ' 1, , , , ,i i i i N N

i i i Ndiag w w w w   
  W    , 

where ( ')i
jw  is defined by ( ') *

, '
,

| |

1,  otherwise

i
j ij

j
cw




     

 

4.  'i     
end 
Output: Sparse representation vectors * *

1{ , , }Nc c  

natural metric gauging the reliability of the available prior 
information is the sum amplitudes 1, 3,j jc c  , which 
measures how likely jy  could be a neighbor of either 1y  
or 3y . With this in mind, we then observe that 

1, 3,
2,4,5

argmax 5j j
j

c c 


  . Hence, we then compute for 5y  

its associated 5
c , using the regression (1.3) and 

5 1,5 3,5{ ( ),1, ( ),1}diag f c f c W . Assume that the solution 

is 5 5,1 5,2 5,3 5,4[    ] [ 0.8 0.1 0.6 0.03]T Tc c c c        c . 
Again, using the sum amplitudes as the reliability measure, 
it follows 1, 3, 5,

2,4
argmax 2j j j

j
c c c  


   . Hence, we 

move on to 2y , with the weighting matrix set as 

2 1,2 3,2 5,2{ ( ), ( ),1, ( )}diag f c f c f c  W . Finally, the 
algorithm terminates with 4y , using the weighting matrix 

4 1,4 2,4 3,4 5,4{ ( ), ( ), ( ), ( )}diag f c f c f c f c   W . For the 
general case, the proposed SSC using the sparse regression 
(1.3) combined with data ordering is outlined in Table III. 

C. On Weighting Coefficient Selection 

Regarding the selection of weighting factor, recall first that 
the larger the amplitude ,| |j ic  is, the more likely jy  is a 

neighbor of iy . As such, the corresponding weighting 

coefficient ,(| |)j if c  should be then kept small in order to 

promote the selection of index j as a support element via 

minimizing the weighted 1 -norm cost 
1i iW c . In the 

context of sparse signal reconstruction via weighted 
1 -minimization, a widely-used weighting function is [12] 

                ,
,

1
(| |)

| |
j i

j i

f c
c 







,          (2.1) 

where 0   is a small constant. It was shown in [13] that 

 
Fig. 1. CCR versus noise standard deviation   

(subspace affinity 0.85  ). 

 
Fig. 2. CCR versus noise standard deviation   

(subspace affinity 0.5  ). 

 
Fig. 3. CCR versus noise standard deviation   

(subspace affinity 0.01  ). 

the solution (2.1) is not suitable for the SSC purpose. Rather, 
the following alternative weighting scheme for SSC has 
been proposed in [13]: 

                ,
,

(| |)
| |

j i
j i

f c
c










.          (2.2) 

Notably, ,(| |)j if c  decreases as ,| |j ic  increases. Hence, 
we will adopt the weighting scheme in (2.2) when 
implementing the proposed scheme. 

III. SIMULATION RESULTS 

This section uses numerical simulations to illustrate the 
performance of the proposed scheme. The synthetic data 



  

points are drawn from three subspaces 1 , 2 , and 3  of 
100 , and are corrupted by Gaussian noise with zero mean 

and variance 2 . In our algorithm implementation, the 
upper bound   of the 2 -norm error constraint in both 
(1.2) and (1.3) is set to be 2  . The sampling density, 
i.e., the number of data points per dimension, is set to be 5. 
We use the subspace affinity ( , )m naff    (see [4] for a 
definition) to gauge the separation between m  and n . 
The correct clustering rate (CCR), i.e., 

  of  correctly classified data points(# )/CCR N ,  (3.1) 

is adopted as the performance measure. We compare 
subspace data clustering performances of the following four 
sparse regression algorithms: conventional 1 -minimization 
(1.2) (i.e., uniform weighting), weighted 1 -minimization 
(1.3) without ordering (i.e., the naïve implementation), 
weighted 1 -minimization (1.3) with the proposed data 
ordering rule, and the data-driven two-step method in [13]. 
In all our simulations, the total number of subspaces (L) is 
unknown beforehand, and is identified during the spectral 
clustering step. 

  The performances of the four sparse regressors are first 
examined by using the synthetic data. We consider the 
scenario ( , )m naff   , 1 3m n   , i.e., all 
subspaces are equally separated from each other. Figures 
1~3 plot the CCR versus noise standard deviation   for, 
respectively, 0.85   0.5  , and 0.01  . From the 
figures we observe the following. Firstly, weighted 

1 -minimization based approaches (both the naïve and 
ordered methods) with properly chosen   significantly 
outperform the conventional uniform weighting scheme 
(1.2). Secondly, weighted 1 -minimization combined with 
the proposed data ordering rule largely improves CCR as 
compared to the naïve implementation without ordering. 
Thirdly, regarding the selection of   for the proposed 
ordered method, a small   is preferred for small subspace 
affinity (i.e., subspaces are separated far away from each 
other); for 0.01  , 0.001   achieves the highest 
CCR as seen from Figure 3. This is because, for a small  , 
data points from different subspaces are well separated and, 
thus, the priori neighbor information offered by the already 
computed i

c ’s are more reliable. As a result, a small ( )i
jw  

(achieved by using a small  ) is preferred to promote the 
selection of these potential neighbors. On the other hand, if 
the subspaces get closer (thus, the affinity is not small), 
Figures 1 and 2 show that a moderate choice of   is then 
preferred. Finally, as seen from the figures, the two-step 
method in [13] outperforms the proposed approach. This is 
not unexpected since sparse regression in [13] requires 
solving 2N 1 -minimization problems, whereas the 
proposed method under the standard SSC framework only 
solves N 1 -minimization problems. We first note that, by 

conducting N more 1 -minimization, the method in [13] 
can benefit from extra priori information (such as the 
subspace dimensions, and related optimal parameters for  

 
Fig. 4. CCR versus number L of clusters for Extended Yale B human face 

dataset. 

LASSO), and hence yields better classification accuracy. 
Also, one can think of the standard SSC with uniform 
weighting as the baseline. Our results show that the 
proposed approach (with weighting and data ordering) can 
greatly reduce the performance gap between standard SSC 
and the two-step method in [13], without incurring extra 
computations. Actually, both the proposed approach and 
standard SSC require only half algorithmic complexity as 
compared to [13]. 
 
  We go on to test the performances of the four sparse 
regression schemes using the Extended Yale B human face 
dataset [14]; we employ the same dimensionality reduction 
technique as in [2] for data compression before applying 
SSC. Figure 4 plots the CCR when the number of people 
(subspaces/clusters) L ranges from 2 to 7. The value of CCR 

at each L is averaged over 150 independent tests; in each test, 

L clusters of human faces are randomly drawn from the 
totally 38 clusters (each containing 64 data points). As the 
figure shows, the proposed method combined with data 
ordering still significantly outperforms the baseline SSC 
with uniform weighting. In addition, our method with a 
properly chosen   performs close to the two-step method 
[13]. Generally speaking, a moderate   (say, 0.01  ) is 
a good choice. In summary, the proposed weighted 

1 -minimization based sparse regression combined with the 
proposed data ordering rule can achieve significant 
performance improvement as compared to the conventional 
SSC for both the synthetic and real data. 

IV. CONCLUSION 

In this paper, we propose a new sparse regression scheme, 
i.e., weighted 1 -minimization with data ordering, for 
accurate neighbor identification in noisy SSC. Data 
weighting is an effective means of exploiting the prior 
neighbor information offered by the computed sparse 
representation vectors. When further combined with the 
proposed data ordering rule, the SSC performance can be 
greatly enhanced as compared to the conventional method. 
To the best of our knowledge, our approach is the first 
scheme that leverages data weighting and ordering under the 
framework of 1 -minimization based SSC. Next, we will 
focus on the performance guarantees of the proposed scheme 
and the optimal design of the weighting coefficients. 
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