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Abstract— In this paper, we propose a distributed stochastic
algorithm for power and rate allocation in ad hoc wireless
sensor networks. The problem we deal with is formulated as
a transmission-plus-circuit energy optimization problem. We
showed that the optimal solution can be obtained by solving
two power and rate subproblems while either one parameter is
fixed. Based on this result we developed two recursive algorithms
for power and rate adaptation, respectively. It has been proved
that these two recursive algorithms of updating power and rate
will converge to a solution pair minimizing the total energy
consumption of all the active sensor nodes in a mean square sense.
The rate of convergence of these two algorithms is exponential
so that the optimal power and rate values can be achieved in a
few bit durations. The simulation results reveal that the energy
consumption can be largely reduced if powers and rates are
updated via the proposed algorithms.

I. INTRODUCTION

Wireless sensors with multi-functions, such as sensing,
computing, signal processing and communications, can be
implemented in the near future in consequence of the advanced
electronic fabrication techniques being boosted. One of the
most important issues for the multi-function sensors in circuit
design and implementation is how to attain the aim of saving
power as much as possible while sensors are operating since
sensors are usually powered by a limit-sized battery. Although
hardware improvements in energy saving are crucial, how
to efficiently utilize the limited total energy in the sensor
networks from the resource allocation point of view is equally
significant as well.

It is well known that the energy required to transmit a
certain amount of information grows exponentially with the
transmission rate [1]. Thus how to adaptively adjust the
transmit power and data rate based on the environmental
alterations in the network is the theme of our work here.
Generally speaking, the data traffic in a sensor network is
usually much lower than that in a generic wireless network,
and especially in a dense sensor network most of the transmis-
sion distances between sensors and the based sensor node are
normally short. Under these circumstances the circuit energy
consumed in either dormant or active model for a sensor is no
longer a neglectful portion during its working lifetime [2] [3].
Therefore, there emerges a new complicated barter strategy in
the resource allocation between transmission power and rate.
This power-rate allocation scheme should be exploited through
an integrated manner, which means the activities of all the

active sensors should be jointly considered because sensor
networks are often intentionally deployed to cooperate on
executing some common task. Wherefore minimizing the total
energy consumption in the network rather than minimizing the
energy consumption of individual sensors is reasonable and
preferable for the scenarios we have depicted in above.

The ad hoc sensor network we consider here is a densely
and self-organized community in which each active sensor
transmits its information to a base sensor node, and then
the base sensor node processes and collects useful data for
forwarding them to a further remote central terminal. In
order to reduce the job load of the base sensor node the
power and rate control algorithms should be developed in a
distributed fashion. The distributed power control algorithms
has been studied in some previous literature (typically in [4]–
[6] and the references therein) while the power and rate control
problem can be found in [7]–[9]. Nevertheless, most of the
aforementioned works do not jointly consider the power-rate
control scheme through a distributed approach. The algorithms
we propose in this paper are suitable for each active sensor to
adjust its power and rate based on the feedback interference
information from the base sensor node. That aims to make
the energy be consumed more efficiently as the environment
parameter changes. In addition to the method of optimizing
power and rate allocation, the energy efficiency can be further
improved if an appropriate corresponding admission control
scheme is devised.

The main contributions of our work are elucidated as below.
First we theoretically prove that the integrated optimization
problem of the transmission power and rate is solvable via two
variable-fixed subproblems, ie. solving the problem by fixing
one variable. We obtain a recursive algorithm for the unfixed
variable under its quality of service (QoS) constraints. Then
substitute this solution back into the original optimization
for finding the second recursive algorithm for the remained
variable. Second we prove the convergence of these two
algorithms exists in a mean square sense, and the rate of
convergence is exponential which ensures that the optimal
power and rate allocation for each sensor can be achieved
in a few bit durations. The rest of this paper is organized as
follows. We describe the optimization problem in Section II.
We propose two stochastic recursive algorithms of power and
rate in Section III. Section IV presents numerical results and
discussions, and Section V concludes our work.
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II. PROBLEM FORMULATION

The primary objective of our work is to find the optimal
transmit power and rate for each active sensor such that the
total consumed energy in transmission and dormant modes is
minimized while the QoS requirements of each transmission
are satisfied. The power consumed in the dormant mode of
each sensor is assumed as a constant p0. Let γ∗

j and q∗i be
the target signal-to-interference plus noise ratio (SINR) from
active sensor i to its destination sensor j and the lowest
transmission rate of active sensor i, respectively. Suppose there
are K active sensors for some given time. The energy mini-
mization problem in this sensor network can be formulated as
follows 



min
{P,Q}

K∑
k=1

(pk + p0)/qk

s.t.
SINRij ≥ γ∗

j ,∀i ∈ [1,K]
q∗k ≤ qk

0 < pk ≤ pmax, k = 1, . . . , K

(1)

where P def= [p1 + p0, . . . , pK + p0]T is the transmit power

vector, Q def= [q1, ..., qK ]T is the transmission rate vector, and
SINRij is the received SINR per bit at receive sensor j for
active sensor i. This bit-energy-based SINRij is defined as

SINRij
def=

BwGij(pi/qi)
K∑

k=1
k �=i

Gk,ijpk + N0Bw

(2)

where qi is the transmission rate (bits/sec) over a spread spec-
trum bandwidth Bw (Hz), N0

2 is the variance of the additive
whit noise (AWGN) and Gij is the integrated equivalent gain
from senor i to sensor j while Gk,ij denotes the integrated
gain between user k, i and j. The optimization problem in
(1) can be transformed into a convex geometric programming
problem [10], and it can be solved via numerical techniques.
However, the numerical approach is centralized that means
it will need the global information for finding the optimal
solution. Moreover, a lot of computational efforts have to be
performed in the base sensor node as the number of active
sensors is large. That will result in wasting power and time
significantly for searching a feasible solution set. The target
powers and transmission rates are both said to be feasible if
there exist a transmit power vector and a transmission rate
vector that satisfy the above inequalities. Accordingly we
should solve this problem in a distributed fashion described
as follows.

This optimization problem can be solved via two sequential
stochastic approximation algorithms. This is achieved by first
obtaining the recursive power vector P(n + 1) for some
transmission time vector Q(n). Then the recursive time algo-
rithm updates the time vector T(n + 1) based on the updated
power vector P(n+1). The optimal vectors of power P∗ and
time Q∗ can be attained after some cycles of this repetitive
calculation process. Theoretically, this computationally decou-
pling principle can be justified as follows. Suppose p∗ is the

optimal solution vector to the following minimization problem
of function F over a feasible power set Sp

minimize F (p, z(p)) ,∀p ∈ Sp (3)

that is, F (p∗, z(p∗)) ≤ F (p, z(p)). z(p) is a real-valued
function vector associated with a feasible rate set Sq, i.e.
z(p) ∈ Sq. Then we have the following theorem:
Theorem 1: Let (p∗,q∗) be the optimal solution of the
following problem

min F (p,q), ∀(p,q) ∈ S (4)

Then (p∗, z(p∗)) is also the globally optimal solution to (4)
over the feasible power-rate set S where S = Sp × Sq.
Proof: It is obvious that (p∗, z(p∗)) ∈ S since p∗ ∈ Sp

and z(p∗) ∈ Sq|p∗ where Sq|p∗(⊆ Sq) is the feasible rate
set with the optimal power vector p∗. Due to the fact that
(p∗,q∗) is the optimal solution to (4), it is easily to deduce
F (p∗,q∗) ≤ F (p∗, z(p∗)). Also because p∗ is the optimal
solution to (3), it follows that for ∀p ∈ Sp,

F (p∗, z(p∗)) ≤ F (p, z(p)). (5)

Accordingly, we conclude that

F (p∗, z(p∗)) ≤ f(z(p)). (6)

For any given p,q∗ = z(p) provides the optimal (minimum)
value of f(q) over the feasible set of Sp. Therefore,

f(z(p)) ≤ f(q), ∀q ∈ Sq|p∗ (7)

Because (p∗,q∗) ∈ S, there must be q∗ ∈ Sq|p∗ . Thus,

f(z(p)) ≤ f(q∗) = F (p∗,q∗) (8)

From (8) and (6), it follows that

F (p∗, z(p∗)) ≤ F (p∗,q∗) (9)

However, it is already known that F (p∗,q∗) ≤ F (p∗, z(p∗)).
Hence, F (p∗, z(p∗)) equals F (p∗,q∗) as expected.

Then according to Theorem 1 the optimization problem
(1) indeed can be viewed as two subproblems to be solved.
First we can consider Q is a given parameter and P is the
variable to be optimized. For a given Q, the optimal P∗ that
minimizes the objective function is presented as a function of
Q. The optimization value of P is then substituted into the
optimization subproblem of Q. The SINR constraint in (1) can
be rewritten in a vector form as

P � QΓC (GP + BwN0u) (10)

where symbol � represents componentwise inequality be-
tween vectors, Q = diag[q1, . . . , qK ], Γ = diag[γ∗

1 , . . . , γ∗
K ],

C = diag
[

1
BwG1j

, . . . , 1
BwGKj

]
, G = [Gij ]K×K with zero

diagonal entries and u = [1, . . . , 1]TK where symbol T denotes
the transpose operator of a matrix.

In fact, if the transmit rates remain unchanged we can show
that the optimal power vector which solves (1) is given by the
solution of the case when (10) holds with equality(

Q−1 − ΓCG
)
P̄∗ = BwN0ΓCu (11)



The optimal transmit rate vector can be also found from above
as

Q̄∗ =
(
ΓCP̄∗G + BwN0ΓC

)−1
P̄∗ (12)

in which P̄∗ = diag[p∗1 + p0, . . . .p
∗
K + p0]. The existence of

a nonnegative solution to (11) and (12) is specified by the
following two theorems in [5], [11]:
Theorem 2: If Ω is a square nonnegative matrix, there exists
an eigenvalue λ0 called the Perron-Frobenius eigenvalue of
Ω such that: (a) λ0 is real and nonnegative, (b) with λ0 can
be associated nonnegative left and right eigenvectors, and (c)
λ0 ≥ |λ| for any eigenvalue λ of Ω.
Theorem 3: For an irreducible nonnegative matrix Ω, x =
Ωx + b has a nonnegative solution x for any nonnegative
nonzero b if and only if the Perron-Forbenius eigenvalue λ0

of Ω satisfies λ0 < 1.
Thus from (11) and Theorem 3 we have the following

corollary:
Corollary: A necessary and sufficient condition for (11) and
(12) to have a unique positive solution, ensuring the feasibility
of the SINRs with minimum powers and rates, is that the
Perron-Frobenius eigenvalue of ΓCG is smaller than the
reciprocal of the fastest transmission rate among all active
sensors, i.e., λ0(ΓCG) < 1

max{Q} .

III. STOCHASTIC ALGORITHMS OF POWER AND RATE

ALLOCATION

(11) and (12) in nature are the solvable centralized solutions
if we know all the channel gains and the cross-correlation
of spreading signatures. However, our system is not suitable
for these two algorithms as the reasons stated in the above
section. Thus we suggest the following recursive algorithms
for allocating power and rate distributively in the system:

P(n + 1) = Q(n)ΓC (GP(n) + BwN0u) (13)

Q(n) =
(
ΓCG + BwN0ΓCP(n)−1

)−1
u (14)

where P(n) = diag[p1, . . . , pK ]. (13) and (14) can be easily
verified converging to the optimal powers and rates as the
target SINRs and rates are feasible. Let ε(n) = P∗−P(n) be
the error difference between the optimal power vector and the
power vector obtained at the nth iterative step. By expressing
(13) in terms of ε(n+1), we obtain ε(n+1) = (QΓCG)n

ε(n)
so that εn → 0 as n → ∞ because (QΓCG)n → 0 based on
the result of Corollary if λ0(ΓCG) < 1/max{Q}. Once (13)
converges, (14) will definitely approach to its optimal values.

The algorithms of (13) and (14) will be valid provided that
the active sensors are able to acquire the mean-squared values
of the received signals. Let us consider a similar approach
used in [5] and [6] to compute the mean-squared values of
received signals every V bits. That is, the transmit powers
and rates are updated once every V bit durations. Basically
the recursions are implemented at the active sensor side based
on the information sent through low-rate feedback channels
by the base senor node. The active sensors then transmit the
next V symbols with their updated powers and rates. Let us
define ỹj(n, v) as the output of the match filter of base sensor

node j at the nth recursive step. So the mean-squared value
of ỹij(n, v) is

E
[
y2

ij(n, v)
] ≈ 1

V

V∑
v=1

ỹ2
ij(n, v)

=
K∑

k=1
k �=i

pk(n)Gk,ij + pi(n)Gij + BwN0 (15)

Now defining vector ȳ(2)(n + 1) with ȳ
(2)
ij (n + 1) def=

1
V

∑V
v=1 ỹ2

ij(n, v) as its elements, then it is ȳ(2)(n + 1) =
GP(n) + G̃P(n) + BwN0u in which G̃ = diag[Gij ]K×K .
Then we propose the following stochastic recursive algorithms
for power and rate evolved from (13) and (14) :

P(n + 1) = (I − An)P(n)

+ AnQ(n)ΓC

[
ȳ(2)(n + 1) − G̃P(n)

]
(16)

Q(n + 1)−1 = (I − Bn)Q(n)−1

+ BnP(n)−1ΓC

[
ȳ(2)(n + 1) − G̃P(n)

]
(17)

where the step-size matrices of the nth step for power and
rate adaptation are An = diag[a1(n), . . . , aK(n)] and Bn =
diag[b1(n), . . . , bK(n)], respectively. By writing (16) and (17)
component wise we can arrive at the following distributed
power and rate algorithms for active sensor i and base sensor
node j :

pi(n + 1) = pi(n) − ai(n)(pi(n) + p0)
(

1 +
qi(n)γ∗

j

Bw

)

+ ai(n)
γ∗

j qi(n)ȳ(2)
ij (n + 1)

BwGij
(18)

qi(n + 1)−1 = [1 − bi(n)] qi(n)−1

+ bi(n)

[
γ∗

j ȳ
(2)
ij (n + 1)

(pi(n) + p0)BwGij
− γ∗

j

Bw

]
(19)

As aware from (18) and (19), the stochastic power and rate
control algorithms are distributed in the sense that in order to
update its transmit power and rate at iteration (n+1), active
sensor i only needs to know the average of the mean-squared
values from the matched filter output of base sensor node j.
The remaining six parameters in (18) and (19), i.e., the sensor’s
power and rate values in the previous iteration pi(n) and qi(n),
its target SINR γ∗

j , bandwidth Bw and step size ai(n) and
bi(n), are trivially known by the active sensor i. Now let us
investigate when (18) and (19) are ensured to be convergent.

Theorem 4: If the target SINRs and transmission rates
are feasible, the stochastic algorithms in (18) and (19) both
converge to their optimal values respectively, i.e., P∗ and Q∗,
in the mean square sense. That is

lim
n→∞E

[‖P∗ − P(n)‖2
]

= 0 (20)

lim
n→∞E

[‖Q∗ − Q(n)‖2
]

= 0 (21)



for positive step-size sequence ai(n) and bi(n) that satisfy the
Robbins-Monro conditions [12], [13], i.e.,

∑∞
n=1 ai(n) = ∞

,
∑∞

n=1 bi(n) = ∞,
∑∞

n=1 ai(n)2 < ∞ and
∑∞

n=1 bi(n)2 <
∞.

Proof: Here we only prove (20) since the proof of (21)
can be obtained by following the similar procedures. Let us
start from (18) and define εi(n + 1) = pi(n+1)+p0

qi(n) , εi(n) =
pi(n)+p0

qi(n) and ε∗i be the attainable minimal bit energy for sensor

i. Note that ε∗i = γ∗
j

BwGij

[
ȳ
(2)
ij (n + 1) − Gijqi(n)εi(n)

]
. Then

we can rewrite (18) in terms of the energy error, i.e., εi(n) =
εi(n) − ε∗i as

εi(n + 1) =
[
1 − ai(n)

(
1 +

γ∗
j qi(n)
Bw

)]
εi(n) − ai(n)γ∗

j
2

B2
w

·qi(n)

[
ȳ
(2)
ij (n + 1)

Gij
− pi(n)Bw

γ∗
j qi(n)

− pi(n)

]
(22)

. It can be written in the following vector expression as well:

Υ(n + 1) =
[
I − An

(
I + ΓCG̃Q(n)

)]
Υ(n)− AnD̃(n + 1)

(23)

where D̃(n + 1) = (ΓCG̃)2Q(n)
{

G̃−1ȳ(2)(n + 1) −[
I +

(
ΓCG̃Q(n)

)−1
]
P(n)

}
is a zero-mean Gaussian ran-

dom vector since E[D̃(n + 1)|P(n), Q(n)] = 0. There are
some lemmas we have to introduce and prove first before we
go any further steps of proving (20):

Lemma 1: Under the transmit power and rate constraints
stated in (1), i.e., 0 ≺ P(n) � pmaxu and [q∗1 , . . . , q∗K ]T �
Q(n), then the stochastic process D̃(n) is a martingale dif-
ference with respect to P(n) and Q(n) and E[‖D̃(n)‖2] is
bounded above.
Proof : (1) Let D̃(n) = D(n) − D(n − 1). That is,
D(n) = (ΓC)2G̃Q(n − 1)ȳ(2)(n) and D(n − 1) =[
ΓCG̃ + (ΓCG̃)2Q(n − 1)

]
P(n − 1). Thus, E[D̃(n)|P(n −

1),Q(n − 1), . . . ,P(0),Q(0)] = E[D(n)|P(n − 1),Q(n −
1)]−E[D(n−1)|P(n−1),Q(n−1)] = D(n−1)−D(n−1) =
0. (2) E[‖D̃(n)‖] < ∞ since E[‖D(n)‖|P(n−1),Q(n−1)] ≤
λ0

{
Γ2C2Q(n − 1)

} ‖(G+G̃)pmaxu+BwN0u‖ = M1 < ∞
and E[‖D(n − 1)‖|P(n − 1),Q(n − 1)] = ‖D(n − 1)‖ <

pmax

√
Kλ0

{
(ΓCG̃)2Q(n − 1) + ΓCG̃

}
= M2 < ∞ in

which {M1,M2} ∈ R+: nonnegative real number set. (3)

E[D̃(n)
T
D̃(n)|P(n− 1),Q(n− 1)] = E[D(n)TD(n)|P(n−

1),Q(n− 1)]− ‖D(n− 1)‖2 = δM < ∞,∀δM ∈ R+ since
P(n) and Q(n) are bounded, and hence E[‖D̃(n)‖2] < ∞.

Lemma 2: Suppose there are two positive definite matrices
An = diag[ai(n)]K and Zn−1 = diag[zj(n − 1)]K with the
respective conditions for their elements:

∑∞
n=1 ai(n) = ∞,∑∞

n=1 a2
j (n) < ∞ and z2

j (n) < ∞ for all n ∈ N: natural
number set. There exist two positive constants α and β that
make the following inequality valid

n∏
i=1

(I − AiZi−1)2 � βe−α
∑n

i=1 Ai (24)

Proof : (I − AiZi−1)2 � e−2AiZi−1+(AiZi−1)
2

since 1 −
x ≤ e−x,∀x ∈ R. Then we have

∏n
i=1(I − AiZi−1)2 �

e−2
∑n

i=1 AiZi−1 · e
∑n

i=1 A
2
i Z

2
i−1 . Also it is obvious that∑n

i=1 A2
i Z2

i−1 ≺ ∞ because the two given conditions∑∞
n=1 a2

j (n) and zj(n)2 are bounded. So we can find a
positive upper bound β̄ = sup

(n,j)

[∑n
i=1 a2

j (i)z
2
j (i − 1)

]
such

that e
∑n

i=1 A
2
i Z

2
i−1 � eβ̄I = βI. Similarly, we are able to

seek a positive constant α = inf
(n,j)

2zj(n − 1) such that

e−2
∑n

i=1 AiZi−1 � e−α
∑n

i=1 Ai . Hence (24) can be obtained.
The mean-squared error of energy can be expressed as

‖Υ(n)‖2=Υ(n − 1)T
[
I − An(I + ΓCG̃Q(n − 1))

]2

Υ(n − 1) + D̃(n)TA2
nD̃(n)

=tr

[(
I − An

(
I + ΓCG̃Q(n − 1)

)
︸ ︷︷ ︸

Zn−1

)2

Υ(n − 1)Υ(n − 1)T
]

+ tr
[
A2

nD̃(n)D̃(n)T
]

=tr
[
(I − AnZn−1)2(I − An−1Zn−2)2Υ(n − 2)

Υ(n − 2)T
]

+ tr
[
(I − AnZn−1)2A2

n−1

D̃(n − 1)D̃(n − 1)T + A2
nD̃(n)D̃(n)T

]
(25)

The notation tr[.] in (25) stands for the trace opera-
tor of a matrix. According to Lemma 1, 2 and [14],

since tr
(

E
[
D̃(j)D̃(j)T|P(j − 1),Q(j − 1), . . .

])
=

E
[
‖D̃(j)‖2|P(j − 1),Q(j − 1), . . .

]
= δMj < ∞ and∑∞

i=1 aj(i) = ∞, we can conclude the following inequality:

E[‖Υ(n)‖2]≤tr
[
βe−α

∑n
i=1 AiΥ(0)Υ(0)T

]
+

n∑
j=1

δMjtr
(
βje

−αj

∑n−j
i=1 AiA2

j

)
(26)

Therefore, E[‖Υ(n)‖2] → 0 as n → ∞ in that
∑∞

i=1 aj(i) =
∞, j ∈ [1, K]. Moreover, if let Ep = P − P∗ and we know
E[‖Υ(n)‖2] = E

[Ep(n)TQ(n)−2Ep(n)
] → 0 as n → ∞

since Q(n)−2 ≺ ∞ is always true and then it follows that
lim

n→∞E
[‖P∗ − P(n)‖2

]
= 0.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we provide the numerical results to verify
our proposed algorithms in the previous section. Suppose we
consider a circular sensing area with a diameter D = 15
meters in which there are 150 self-organized sensors randomly
distributed. The base sensor node locates at the origin of the
circle. The threshold of the received SINR is 5 dB for all
sensor nodes. The spread spectrum bandwidth is Bw = 1.25
MHz and the single-sided power spectrum density of AWGN
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Fig. 1. Simulations of total energy consumption per bit

is N0 = 1 × 10−15 W/Hz. For sensor node i, the intergraded

equivalent gain is given as Gij = gegtgrλ2
c

16π2d2
0

(
dij

d0

)−µ

Xij in
which the first term at the right hand side is the path loss
of the close-in distance d0 , ge is the signal processing gain
and gt and gr are the antenna gains of the transmitter and the
receiver, respectively, and λc is the wavelength of the carrier.
We take d0 = 1m, gegrgt = 2 and ai(n) = bi(n) = 1

n+1 for
convenience. We also set the carrier frequency to 2.4 GHz.
Let dij be the distance between node i and the base node.
The fading parameters Xij , i = 1, ..., N , are the zero-mean
Gaussian random variable with variance 1. Finally, µ is the
path loss exponent and is assumed to be 2 in our system,
i.e., we consider a free-space loss model. As shown in Fig.1,
the proposed algorithms have a much lower needed energy for
transmitting one bit if compared to the power control algorithm
without the rate control. For running each simulation time the
deployment of all sensors is changed. Also we can get almost
the same result from our distributed algorithms as that obtained
by the centralized numerical solution. Fig. 2 presents the mean
square error of powers and rates. It is apparent in Fig. 2 that
the mean square errors display an exponentially convergent
phenomena.

V. CONCLUSION

A stochastic optimization approach to power and rate al-
location for minimizing the energy consumption in wireless
sensor network is investigated in this paper. We propose two
distributed recursive algorithms for power and rate allocation
in ad hoc sensor networks. The problem we deal with is
formulated as a transmission-plus-circuit energy optimization
problem. We showed that the optimal solution can be obtained
by solving two power and rate subproblems while either one
parameter is fixed. According to this result we derived two
recursive algorithms for power and rate adaptation, respec-
tively. It has been proved that these two recursive algorithms
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of updating power and rate will converge to an optimal
solution pair minimizing the total energy consumption in the
network in a mean square sense. The rate of convergence
of these two algorithms is exponential so that the optimal
power and rate values can be achieved in a few bit durations.
The simulation results reveal that the transmission-plus-circuit
energy consumption can be largely reduced if powers and rates
are updated via the proposed algorithms.
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