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1 Reconstructions from Compressive
2 Random Projections of Hyperspectral
3 Imagery

4 James E. Fowler and Qian Du

5 Abstract High-dimensional data such as hyperspectral imagery is traditionally
6 acquired in full dimensionality before being reduced in dimension prior to
7 processing. Conventional dimensionality reduction on-board remote devices is
8 often prohibitive due to limited computational resources; on the other hand,
9 integrating random projections directly into signal acquisition offers an alternative

10 to explicit dimensionality reduction without incurring sender-side computational
11 cost. Receiver-side reconstruction of hyperspectral data from such random pro-
12 jections in the form of compressive-projection principal component analysis
13 (CPPCA) as well as compressed sensing (CS) is investigated. Specifically con-
14 sidered are single-task CS algorithms which reconstruct each hyperspectral pixel
15 vector of a dataset independently as well as multi-task CS in which the multiple,
16 possibly correlated hyperspectral pixel vectors are reconstructed simultaneously.
17 These CS strategies are compared to CPPCA reconstruction which also exploits
18 cross-vector correlations. Experimental results on popular AVIRIS datasets reveal
19 that CPPCA outperforms various CS algorithms in terms of both squared-error as
20 well as spectral-angle quality measures while requiring only a fraction of the
21 computational cost.
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25 1 Introduction

26 In the traditional data pipeline used with high-dimensional data such as hyper-
27 spectral imagery, the data is acquired in its full dimensionality within some typ-
28 ically remote signal-sensing platform (e.g., a satellite), the data is downlinked to
29 some central (i.e., earth-based) processing site, and finally the data is subjected to
30 the desired application-specific processing. In many cases, the dimensionality of
31 the dataset is reduced prior to the processing. For example, a variety of linear—
32 e.g., principal component analysis (PCA) [1, 2] and independent component
33 analysis (ICA) [3, 4]—as well as nonlinear—e.g., locally linear embedding (LLE)
34 [5, 6]—forms of dimensionality reduction have been applied to reduce spectral
35 dimensionality of hyperspectral imagery thereby facilitating the deployment of
36 classifiers to detect specific endmember classes or anomalous pixels. This tradi-
37 tional data-flow pipeline is illustrated in Fig. 1a.
38 Unfortunately, there are a number of problematic issues with this traditional
39 data-flow paradigm. Specifically, dataset sizes are becoming ever more volu-
40 minous, with both spectral as well as spatial resolutions continuing to increase,
41 resulting in extremely large quantities of data acquired in typical geospatial
42 sensing systems, with multi-temporal data exacerbating this issue. As a result, it
43 would be greatly beneficial if dimensionality reduction could occur before data
44 downlink, since many signal-acquisition platforms are severely resource-con-
45 strained (e.g., satellite- and airborne devices). On-board dimensionality reduction
46 would dramatically cut storage and communication burdens faced by such remote
47 sensors; however, many approaches to dimensionality reduction are data depen-
48 dent and exceedingly computationally expensive so as to preclude implementation
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Fig. 1 a Traditional sensing, communication, and processing data-flow pipeline. b Proposed
data flow with simultaneous sensing and dimensionality reduction accomplished with random
projections at the sender and CS or CPPCA reconstruction located at the receiving base station
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49 within resource-constrained sensing platforms. For instance, the computational
50 complexity of nonlinear LLE restricts it to small blocks of a large image scene
51 even on computationally powerful machines.
52 Recently, it has been demonstrated that projections onto randomly chosen
53 subspaces can be a particularly powerful form of dimensionality reduction.
54 Namely, the mathematical theory of compressed sensing (CS) [7–10] establishes
55 that sparsely representable signals can be recovered exactly from data-independent
56 random projections. Furthermore, we have recently developed compressive-
57 projection principal component analysis (CPPCA) [11–13] which recovers an
58 approximate PCA representation of the original signal from random projections.
59 Both CS and CPPCA permit sensing platforms to enjoy the benefits of dimen-
60 sionality reduction (less burdensome storage and communication requirements)
61 without the expense of computation associated with explicit dimensionality
62 reduction since the random projections can be accomplished simultaneously with
63 the sensing and signal-acquisition process, while the more expensive reconstruc-
64 tion from the projections takes place at the receiver-side base station. Specifically,
65 we replace the traditional data-flow pipeline of Fig. 1a with that of Fig. 1b in
66 which random projections enable simultaneous signal-acquisition and dimen-
67 sionality reduction, while CS or CPPCA reconstruction drives further processing at
68 the receiving base station.
69 There have been several recent efforts (e.g., [14–16]) aimed at devising hyper-
70 spectral sensors that accomplish such simultaneous signal-acquisition and dimen-
71 sionality reduction at the sender side of the system. As a consequence, we explore
72 here options for reconstruction of hyperspectral data at the receiver side, comparing
73 the relative merits of CPPCA and CS reconstruction. We begin by overviewing both
74 CPPCA and CS in Sects. 2 and 3, respectively. We then present a battery of
75 experimental results in Sect. 4 in which we observe that CPPCA usually outperforms
76 CS in terms of both square-error and spectral-angle quality measures while requiring
77 only a fraction of the computational cost. Finally, we make some concluding remarks
78 in Sect. 5.

79 2 Compressive-Projection Principal Component Analysis
80 (CPPCA)

81 In brief, CPPCA effectuates a reconstruction from random projections by recov-
82 ering not only the coefficients associated with the PCA transform, but also an
83 approximation to the PCA transform basis itself. In the next section, we briefly
84 overview the theoretical underpinnings of CPPCA—specifically, an extension of
85 existing Rayleigh–Ritz theory to the special case of highly eccentric distributions
86 which permits simple approximations to orthogonal projections of eigenvectors.
87 We then describe in Sect. 2.2 how this analytical result is used to devise the
88 CPPCA algorithm to recover the PCA transform basis and PCA transform
89 coefficients.
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90 2.1 Overview of CPPCA

91 At the core of the CPPCA technique is a receiver-side process that produces an
92 approximation to the PCA transform basis. Consider a dataset of M zero-mean
93 vectors X = [x1 _ xM] , where each xm 2 R

N: The covariance matrix of X is
94 R ¼ XXT=M; and the PCA transform matrix is the N 9 N matrix W of eigen-
95 vectors that emanates from the eigendecomposition of R; i.e.,

R ¼WKWT ; ð1Þ

979798 where W contains the N unit eigenvectors of R column-wise. However, central to
99 the CPPCA paradigm is that production of the PCA transform matrix occurs at the

100 receiver rather than at the sender as in the traditional use of PCA; that is, the
101 CPPCA receiver cannot implement eigendecomposition (1) directly as it does not
102 know either X or R: Instead, the receiver knows only K-dimensional projections of
103 X. Specifically, suppose we have K orthonormal vectors pk that form the basis of
104 K-dimensional subspace P such that P ¼ ½p1 � � � pK � provides an orthogonal pro-
105 jection onto P: Then, the orthogonal projection of xm onto P is ym ¼ PPT xm;

106 expressed with respect to the basis pkf g; we have eym ¼ PT xm; such that ym ¼ Peym:

107 The CPPCA sender produces the projected vectors eY ¼ ½ey1 � � � eyM�; and it is from

108 projections eY that the CPPCA receiver approximates W. The projected vectors
109 have covariance

eR ¼ eY eYT=M ¼ PT XXT P=M ¼ PTRP; ð2Þ

111111112 which the CPPCA receiver calculates having received eY from the sender.
113 Rayleigh–Ritz theory [17] describes the relation between the eigenvectors of

114 R and those of eR as given by (2). Covariance matrix R has spectrum k Rð Þ ¼
115 k1 Rð Þ; . . .; kN Rð Þf g; where the eigenvalues satisfy k1 Rð Þ� � � � � kN Rð Þ; and the

116 corresponding unit eigenvectors are wn. The eigendecomposition of eR ¼ PTRP is

117
eR ¼ eU eK eUT ; where eU ¼ ½eu1 � � � euK �; eK ¼ diag k1

eR
� �

; . . .; kK
eR
� �� �

; eukk k2¼ 1;

118
and k1

eR
� �

� � � � � kK
eR
� �

: The K eigenvalues kk
eR
� �

are called Ritz values;

119 additionally, there are K vectors, known as Ritz vectors, defined as

uk ¼ Peuk; 1� k�K; ð3Þ

121121122 where euk are the eigenvectors of eR: Finally, we define normalized projection vn as
123 the orthogonal projection of wn onto P; normalized to unit length; i.e.,

vn ¼
PPT wn

PPT wn

�

�

�

�

2

: ð4Þ

125125126 These vectors are illustrated for an example distribution in the simple case of
127 N = 3 and K = 2 in Fig. 2.
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128 Traditional Rayleigh–Ritz theory is rather limited in that it tells us very little
129 about the Ritz vectors for K \ N, giving only that the Ritz vectors do not typically
130 align with the orthogonal projections of any of the eigenvectors [17]; i.e., uk 6¼ vn

131 in general. However, CPPCA is built on the central idea that, if subspace P is
132 chosen randomly, and the distribution of the vectors in X is highly eccentric in that
133 eigenvalue kk Rð Þ is sufficiently separated in value with respect to the other
134 eigenvalues, then it is likely that its corresponding normalized projection, vk, will

135
be quite close to the Ritz vector, uk, corresponding to the Ritz value kk

eR
� �

: Under

136 the assumption that uk � vk; an algorithm based on projections onto convex sets
137 (POCS) [18] was devised in [11, 13] to approximate the first L eigenvectors wn

138 from eY; this algorithm is overviewed next. Suffice it to say, however, that the
139 entire feasibility of the CPPCA technique rests on the approximation uk � vk:
140 However, extensive analysis in [12, 13] established the validity of this
141 approximation.

142 2.2 The CPPCA Algorithm

143 We now use the fact, as discussed above, that we can approximate orthogonal
144 projections of eigenvectors with Ritz vectors to enable a system that uses random
145 projections at the sender. The corresponding receiver then implements recovery of
146 not only the PCA coefficients for the transmitted dataset, but also an approximation
147 to the PCA transform basis itself. In this sense, the resulting CPPCA system in
148 effect shifts the computational complexity of PCA from the sender to the receiver.
149 Specifically, in the CPPCA sender, the M vectors of X ¼ ½x1 � � � xM� are merely
150 each subjected to random projection. On the other hand, the CPPCA receiver then
151 must recover not only the PCA transform coefficients, but also the basis vectors of
152 the transform itself, all from the projections. We assume that the receiver knows
153 only the projection operator and its resulting projections, but not X or its statistics

Fig. 2 Data distribution of
x in R

3 is projected onto 2D
subspace P as y; the first Ritz
vector, u1, lies close to the
normalized projection, v1,
onto P of the first
eigenvector, w1, of x (from
[11], � 2009 IEEE)
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154 (e.g., covariance). Below, we present an overview of the CPPCA approach which
155 is explained in more detail in [11, 13].

156 2.2.1 Eigenvector Recovery

157 Traditional design methods for PCA produce the transform W via the eigende-
158 composition given by (1); however, in the CPPCA receiver, one has access to

159 merely eR and not R as required in (1). The goal of CPPCA is thus to approximate

160 W from eR without knowledge of R; given that eR results from random projection.
161 The CPPCA receiver first recovers an approximation to the PCA transform basis
162 by recovering approximations to the first L eigenvectors of R from random pro-
163 jections. We observe that, if we knew the true normalized projection v of eigen-
164 vector w in subspace P; we could form subspace Q as

Q ¼ P? � span vf g; ð5Þ

166166167 the direct sum of the orthogonal complement of P with a 1D space containing
168 v. Clearly, w would lie in Q: Suppose then that we produce J distinct random

169 K-dimensional subspaces, Pð1Þ through PðJÞ; each containing a normalized pro-
170 jection, v(1) through v(J), respectively, produced via (4) using the corresponding

171 projection matrices, P(1) through P(J). We could then form subspaces Qð1Þ through

172 QðJÞ via (5) using Pð1Þ; . . .;PðJÞ and vð1Þ; . . .; vðJÞ: The eigenvector w would thus be

173 in the intersection Qð1Þ \ � � � \ QðJÞ: This situation is illustrated in Fig. 3 for the
174 case of N = 3, K = 2, J = 2, and the eigenvector in question being w1.

Fig. 3 a Two 2D subspaces Pð1Þ and Pð2Þ with corresponding normalized projections v1
(1) and

v1
(2). b Subspaces Qð1Þ and Qð2Þ whose intersection uniquely determines eigenvector w1 up to a

sign. (from [11], � 2009 IEEE)
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175 In the CPPCA receiver, though, we do not have access to the true normalized

176 projections; instead, we can form Ritz vectors in each subspace PðjÞ via an eig-

177 endecomposition of the corresponding projected covariance matrix eRðjÞ . Moti-
178 vated by the analysis in [13], we use these Ritz vectors to approximate normalized

179 projections; i.e., we use uk
(j) instead of vk

(j) to form the spaces QðjÞ: Since the Ritz
180 vectors will differ slightly from the true normalized projections, the intersection

181 Qð1Þ \ � � � \ QðJÞ is almost certain to be empty. However, since the QðjÞ are closed
182 and convex, a parallel implementation of POCS will converge to a least-squares

183 solution minimizing the average distance to the subspaces QðjÞ [18]; this POCS
184 solution can then be used to approximate w. Specifically, for iteration i ¼ 1; 2; . . .;
185 we form an estimate of the eigenvector as

bwðiÞ ¼ 1
J

X

J

j¼1

QðjÞQðjÞ
T
bwði�1Þ; ð6Þ

187187188 where projection onto QðjÞ is performed by the matrix Q(j), and we initialize bwð0Þ

189 to the average of the Ritz vectors. (6) will converge to bw; normalizing this bw will
190 approximate the desired normalized eigenvector w (up to sign).
191 In order to avoid producing multiple random projections for each vector in our
192 dataset, the CPPCA sender splits the dataset of M vectors X ¼ ½x1 � � � xM� into
193 J partitions X(j), each associated with its own randomly chosen projection
194 PðjÞ; 1� j� J: It is assumed that the dataset splitting is conducted such that each
195 X(j) closely resembles the whole dataset X statistically and so has approximately

196 the same eigendecomposition.1 The sender transmits the projected data eYðjÞ ¼
197 PðjÞXðjÞ to the receiver which is assumed to know the projection operators P(j)

198 a priori. In the CPPCA receiver, eRðjÞ is calculated from eYðjÞ; a set of Ritz vectors

199 uk
(j) is produced from eRðjÞ; and then the Ritz vectors are used in place of the

200 normalized projections to drive the POCS recovery of (6). The CPPCA receiver
201 repeats this POCS procedure using the first L Ritz vectors to approximate the first
202 L principal eigenvectors which are assembled into N 9 L matrix W; an approxi-
203 mation to the L-component PCA transform, L�K:

204 2.2.2 Coefficient Recovery

205 Once obtaining W; the CPPCA receiver then proceeds to recover the PCA coef-

206 ficients by solving eYðjÞ ¼ PðjÞ
T
W�XðjÞ for PCA coefficients �XðjÞ in the least-squares

1 Dataset subsampling is commonly used to expedite covariance-matrix calculation in traditional
applications of PCA, e.g., [19, 20]; we suggest modulo partitioning such as XðjÞ ¼ xm 2 Xjf
ðm� 1Þ mod J ¼ j� 1g .
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207 sense for each j. This linear reconstruction can be accomplished in several ways,
208 for example, by using the pseudoinverse,

�XðjÞ ¼ PðjÞ
T
W

� �þ
eYðjÞ: ð7Þ

210210

211

212 3 Compressed Sensing (CS)

213 In brief, CS (e.g., [7–10]) produces a sparse signal representation directly from a
214 small number of projections onto another basis, recovering the sparse transform
215 coefficients via nonlinear reconstruction. Our coverage of CS here will be brief;
216 we refer to [10] for a more comprehensive treatment.
217 The main tenet of CS theory holds that, if signal x 2 R

N can be sparsely
218 represented (i.e., using only L nonzero coefficients) with some basis W ¼
219 ½w1 � � �wN �; then we can recover x from K-dimensional projections ey ¼ PT x under
220 certain conditions; here P ¼ ½p1 � � � pK �; and K \ N. Specifically, it is required that
221 K must be sufficiently large with respect to the sparsity L (but still much less than
222 N) and that W and P be mutually incoherent, meaning that P cannot sparsely
223 represent the wn vectors. It has been shown that, if P is chosen randomly, then
224 P and W are incoherent for any arbitrary fixed W with high probability [8].
225 The ideal recovery procedure searches for the �x with the smallest ‘0 norm
226 consistent with the observed ey; i.e,

�x	 ¼ arg min
�x

�xk k0; such that ey ¼ PTW�x; ð8Þ

228228229 where the ‘0 norm �xk k0 is the number of nonzero coefficients in �x: However, this
230 ‘0 optimization being NP-complete, several alternative solution procedures have
231 been proposed. Perhaps the most prominent of these is basis pursuit (BP) [21]
232 which applies a convex relaxation to the ‘0 problem resulting in an ‘1 optimization:

�x	 ¼ arg min
�x

�xk k1; such that ey ¼ PTW�x: ð9Þ

234234235 Often, in practical applications that feature noisy data, or data that is only
236 approximately sparse, BP with a quadratically relaxed constraint (e.g., [10, 22]) is
237 employed in the form of

�x	 ¼ arg min
�x

�xk k1; such that PTW�x� ey
�

�

�

�

2
� �: ð10Þ

239239240 BP in the form of (9) and (10) can be implemented effectively with linear
241 programming; see, for example, ‘1-MAGIC [23]. However, the computational
242 complexity of BP is often high, leading to recent interest in reduced-complexity
243 relaxations (e.g., gradient projection for sparse reconstruction (GPSR) [24]) as
244 well as in greedy BP variants, including matching pursuits, orthogonal matching
245 pursuits, and sparsity adaptive matching pursuits (SAMP) [25]. Such algorithms

38 J. E. Fowler and Q. Du
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246 significantly reduce computational complexity at the cost of lower reconstruction
247 quality.
248 The majority of CS literature focuses on the recovery of a single vector x from its
249 projection ey ¼ PT x: However, for a hyperspectral image, we wish to recover a set of
250 pixel vectors X ¼ ½x1 � � � xM� which are likely to possess a strong degree of corre-
251 lation. For recovery of a set of multiple, possibly correlated vectors X ¼ ½x1 � � � xM �;
252 there have been proposals for multi-vector extensions of CS under the name of
253 ‘‘multi-task’’ [26] or ‘‘distributed’’ CS; these, in turn, link closely to a larger body of
254 literature on ‘‘simultaneous sparse approximation’’ (e.g., [27–31]). In experimental
255 results below, we compare the performance of CPPCA to that of Multi-Task
256 Bayesian Compressive Sensing (MT-BCS) [26] which introduces a hierarchical
257 Bayesian framework into the multi-vector CS-recovery problem to share prior
258 information across the multiple vectors.
259 We note that, on the surface, although CPPCA and MT-BCS appear somewhat
260 similar in their functionality, there exist some crucial differences. MT-BCS, like
261 other CS techniques, operates under an assumption of sparsity in a known basis W but
262 the pattern of sparsity (i.e., which L components are nonzero) is unknown. On the
263 other hand, CPPCA reconstruction operates under a known sparsity pattern (i.e., the
264 first L principal components), but the transform W itself is unknown. Additionally,
265 while MT-BCS can recover the M vectors of X from the same set of projections

266 eYðjÞ ¼ PðjÞXðjÞ which drive the CPPCA recovery process, it can also function on
267 arbitrarily small numbers of vectors, even down to M = 1 (in which case, MT-BCS
268 becomes the special case of ‘‘single-task’’ Bayesian Compressive Sensing (ST-BCS)
269 recovery as described in [32]). CPPCA, on the other hand, requires M to be suffi-
270 ciently large to enable covariance-matrix calculation in the J subspaces.

271 4 Empirical Comparisons on Hyperspectral Imagery

272 We use hyperspectral images cropped spatially to size 100 9 100 (i.e., M =

273 10,000); we use the popular ‘‘Cuprite,’’ ‘‘Moffett,’’ and ‘‘Jasper Ridge’’ images,
274 AVIRIS datasets with N = 224 spectral bands. The mean vector has been removed
275 from the vectors to impose a zero-mean condition.
276 The CPPCA and MT-BCS receivers reconstruct approximate pixel vectors

277 bX ¼ ½bx1 � � � bxM� of the hyperspectral image from random projections. For a given
278 vector bxm; we can measure the quality of its reconstruction in several ways, for
279 instance, by using a signal-to-noise ratio (SNR) or a spectral-angle distortion
280 measure. In the following results, we use a vector-based SNR measured in dB; i.e.,

SNRðxm; bxmÞ ¼ 10 log10
varðxmÞ

MSEðxm; bxmÞ
; ð11Þ

282282283 where the varðxmÞ is the variance of the components of vector xm, and the mean
284 squared error (MSE) is
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MSEðxm; bxmÞ ¼
1
N

xm � bxmk k2
: ð12Þ

286286287 We then average the vector-based SNR over all vectors of the dataset for a
288 measure of quality of the dataset as a whole. Alternatively, we can measure the
289 quality of a reconstructed hyperspectral dataset using an average spectral angle,
290 where the spectral angle in degrees between the reconstructed hyperspectral pixel
291 vector and its corresponding original vector is averaged over the dataset; i.e.,
292 �n ¼ mean nmð Þ where

nm ¼ \ xm � bxmð Þ: ð13Þ

294294

295

296 4.1 Performance of Single-Task and Multi-Task CS

297 We first examine performance of various CS strategies on our hyperspectral
298 datasets. As mentioned above, the most straightforward, at most common, para-
299 digm of CS usage is to reconstruct only a single vector x from its projection
300 ey ¼ PT x: To apply this single-vector approach to recover a dataset X ¼ ½x1 � � � xM �;
301 of M vectors, we simply employ the single-vector reconstruction independently
302 M times. In line with [26], we refer to this approach as ‘‘single-task’’ CS
303 reconstruction.
304 In Figs. 4, 5, 6, 7, 8 and 9, we examine the performance of two prominent
305 single-task CS reconstruction algorithms. Specifically, we compare GPSR2 [24]
306 and ST-BCS3 [32], using the MATLAB implementations available from their
307 respective authors. For each technique, transform W is the well-known length-8
308 Daubechies orthonormal wavelet. Clearly, the performance of the reconstructions
309 in each case will depend on the degree of dataset reduction inherent in the pro-
310 jections; this quantity is characterized as a relative projection dimensionality in the
311 form of K/N expressed as a percentage. For each value of K, we use exactly the
312 same random projection matrix P for each algorithm.
313 In Figs. 4, 5, 6, 7, 8 and 9, we also contrast the performance of the various
314 ST-CS reconstructions with the alternative to straightforward, single-vector pro-
315 cessing, namely, ‘‘multi-task’’ CS recovery in the form of MT-BCS [26]. Again,
316 we use the same random projections P and transform W: It is clear from Figs. 4, 5,
317 and 6 that, for the same relative projection dimensionality, the multi-task recon-
318 struction, which is able to exploit the substantial cross-vector correlations that
319 exist within typical hyperspectral datasets, achieves reconstruction performance of
320 significantly higher quality in terms of SNR. Additionally, a substantially
321 smaller average spectral angle �n is observed in Figs. 7, 8, and 9 for MT-BCS.

2 http://www.lx.it.pt/mtf/GPSR/
3 http://www.people.ee.duke.edu/lihan/cs/
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322 As a consequence, when we compare CS reconstruction to that of CPPCA in the
323 next section, we limit our attention to multi-task CS.

324 4.2 Performance of CPPCA and CS

325 We now examine the performance of CPPCA reconstruction in the form of (6) and
326 (7), comparing to MT-BCS which was seen above to be the most promising
327 CS-based reconstruction. For CPPCA, we use J = 20 projection partitions while
328 L ranges between 3 and 30, depending on the specific K used. For MT-BCS, we
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Fig. 7 CS reconstruction
performance for the
‘‘Cuprite’’ hyperspectral
dataset—average spectral
angle, �n; for varying
dimensionality K/N
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Fig. 9 CS reconstruction
performance for the ‘‘Jasper
Ridge’’ hyperspectral
dataset—average spectral
angle, �n; for varying
dimensionality K/N
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Fig. 10 CPPCA and
MT-BCS reconstruction
performance for the
‘‘Cuprite’’ hyperspectral
dataset—average SNR for
varying dimensionality
K/N. (from [11], � 2009
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Fig. 12 CPPCA and MT-
BCS reconstruction
performance for the ‘‘Jasper
Ridge’’ hyperspectral
dataset—average SNR for
varying dimensionality
K/N. (from [11], � 2009
IEEE)
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Fig. 13 CPPCA and MT-
BCS reconstruction
performance for the
‘‘Cuprite’’ hyperspectral
dataset—average spectral
angle, �n; for varying
dimensionality K/N
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Fig. 14 CPPCA and MT-
BCS reconstruction
performance for the
‘‘Moffett’’ hyperspectral
dataset—average spectral
angle, �n; for varying
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329 consider several orthonormal bases commonly used with hyperspectral data: an N-
330 point discrete cosine transform (MT-BCS-DCT) as well as a discrete wavelet
331 transform (DWT) using both the Haar basis (MT-BCS-Haar) and the length-8
332 Daubechies basis (MT-BCS-D4). We apply the same random projections as used
333 for CPPCA. We see from Figs. 10, 11, and 12 that CPPCA yields average SNR
334 substantially higher than that of the fixed-basis MT-BCS approaches over a broad
335 range of practical K/N values. Additionally, in Figs. 13, 14, and 15, we see that
336 CPPCA also usually produces a smaller spectral-angle distortion, the sole
337 exception being for the ‘‘Cuprite’’ dataset.

338 4.3 Execution Times

339 In terms of computational complexity, none of the implementations we employ are
340 optimized for execution speed. However, we have observed that both the POCS-
341 based eigenvector recovery of (6) as well as the linear coefficient recovery of (7)
342 are quite fast, yielding a relatively lightweight computational burden for the
343 CPPCA receiver. To wit, Table 1 presents execution times for the various algo-
344 rithms we have considered. In particular, we compare the execution speed of
345 CPPCA and that of the various single-task and multi-task CS reconstructions.
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Fig. 15 CPPCA and MT-
BCS reconstruction
performance for the ‘‘Jasper
Ridge’’ hyperspectral
dataset—average spectral
angle, �n; for varying
dimensionality K/N

Table 1 Single-thread
execution times in seconds
for the ‘‘Cuprite’’
hyperspectral dataset

K/N

Algorithm 0.1 0.2 0.3 0.4 0.5

CPPCA 4 4 9 16 25
GPSR-D4 59 76 78 72 66
ST-BCS-D4 471 928 1194 1255 1294
MT-BCS-D4 1585 1507 1614 1307 1344
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346 The CS algorithms all use the length-8 Daubechies DWT as the sparsity transform.
347 All implementations are run on a single core of a Sun Fire X4600 (2.6 GHz,
348 32 GB RAM) using MATLAB R2009b running in a single thread. Table 1 presents
349 execution times for several relative dimensionalities K/N. We find that CPPCA
350 generally runs 3–10 times faster than GPSR, around 50–200 times faster than
351 ST-BCS, and about 50–400 times faster than MT-BCS.

352 5 Conclusions

353 In this chapter, we have compared the performance of CPPCA to various CS
354 reconstruction algorithms for the recovery of hyperspectral datasets subject to
355 random-projection-based dimensionality reduction. We have seen that multi-task
356 CS reconstruction significantly outperforms single-task CS recovery since the
357 multi-task technique is designed specifically to exploit the significant correlation
358 that typically exists between hyperspectral pixel vectors. On the other hand,
359 CPPCA usually outperforms multi-task CS, consistently achieving higher SNR for
360 all the AVIRIS datasets we consider in addition to a smaller average spectral-angle
361 distortion for all but one of the datasets. CPPCA, which features a recovery of not
362 only the PCA transform coefficients for the dataset in question but also an
363 approximation to the PCA transform basis from the random projections, runs at a
364 fraction of the computational cost as compared to the various CS approaches
365 considered. As a consequence, we conclude that CPPCA constitutes a promising
366 approach for computationally efficient and high-quality receiver-side reconstruc-
367 tion when random projection is used at the remote sender to accomplish low-cost
368 dimensionality reduction.
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